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STABLE PAIR INVARIANTS ON CALABI-YAU
THREEFOLDS CONTAINING P2
YUKINOBU TODA
Abstract. We relate Pandharipande-Thomas stable pair invariants on
Calabi-Yau 3-folds containing the projective plane with those on the de-
rived equivalent orbifolds via wall-crossing method. The difference is de-
scribed by generalized Donaldson-Thomas invariants counting semistable
sheaves on the local projective plane, whose generating series form theta
type series for indefinite lattices. Our result also derives non-trivial con-
straints among stable pair invariants on such Calabi-Yau 3-folds caused
by Seidel-Thomas twist.
1. Introduction
1.1. Motivation. It is an important subject to count algebraic curves on
Calabi-Yau 3-folds, or more generally on CY3 orbifolds1, in connection
with string theory. So far at least three curve counting theories have been
proposed and studied: Gromov-Witten (GW) theory [Beh97], Donaldson-
Thomas (DT) theory [Tho00], [MNOP06] and Pandharipande-Thomas (PT)
stable pair theory [PT09]. It was conjectured, and proved in many cases,
that these theories are equivalent: the equivalence of DT and PT theories
was proved in [Bri11], [Tod10a], [ST11] using Hall algebras, and the equiva-
lence of GW and PT theories was proved by Pandharipande-Pixton [PP] for
many Calabi-Yau 3-folds including quintic 3-folds using degenerations and
torus localizations.
On the other hand, the derived category of coherent sheaves DbCoh(X)
on a Calabi-Yau 3-fold X is also an important mathematical subject, due to
its role in Kontsevich’s Homological mirror symmetry conjecture [Kon95]. It
was suggested by Pandharipande-Thomas [PT09] that the derived category
also plays a crucial role in curve counting, as their stable pair invariants
count two term complexes
(OX s→ F ) ∈ Db Coh(X)
where F is a pure one dimensional sheaf and s is surjective in dimension one.
In this paper, we concern how symmetries in the derived categories affect
stable pair invariants. More precisely, we are interested in the following
questions:
Question 1.1. (i) How stable pair invariants on two Calabi-Yau 3-
folds or orbifolds are related, if they have equivalent derived cate-
gories ?
1In this paper, an orbifold means a smooth Deligne-Mumford stack.
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(ii) How stable pair invariants on a Calabi-Yau 3-fold are constrained,
due to the presence of non-trivial autoequivalences of the derived
category ?
The purpose of this paper is to study Question 1.1 for stable pair invari-
ants on Calabi-Yau 3-folds X which contain P2, and their derived equivalent
CY3 orbifolds Y. Our results include new kinds of progress on Question 1.1:
(i) relation of stable pair invariants on X and Y, where Y does not satisfy
the Hard-Lefschetz (HL) condition2 (ii) constraints of stable pair invariants
on X caused by Seidel-Thomas twist [ST01]. The relation of our work with
the existing works will be discussed in Subsection 1.3.
1.2. Main result. Let X be a smooth projective Calabi-Yau 3-fold which
contains a divisor
P2 ∼= D ⊂ X.
We have two phenomena related to (i) and (ii) in Question 1.1:
(i) The divisor D is contracted by a birational morphism f : X → Y to
an orbifold singularity with type 13(1, 1, 1). The associated smooth
Deligne-Mumford stack Y → Y is derived equivalent to X
Φ: DbCoh(Y) ∼→ DbCoh(X).
(ii) The object OD is a spherical object in DbCoh(X), and we have the
associated autoequivalence called Seidel-Thomas twist [ST01]
STOD : D
bCoh(X)
∼→ DbCoh(X).
Contrary to the 3-fold flop case as in [Tod13], [Cala], curves on Y, X may be
transformed to objects with two dimensional supports under the equivalence
Φ, STOD , respectively. In order to deal with this issue, we also involve
generalized DT invariants [JS12], [KS]
DT(r, c,m) ∈ Q(1)
on the non-compact Calabi-Yau 3-fold π : ωP2 → P2. The invariant (1)
counts semistable sheaves E on ωP2 satisfying
rank(π∗E) = r, c1(π∗E) = c, ch2(π∗E) = m.
The following is a rough statement of our main result:
Theorem 1.2. (Theorem 5.11, Theorem 5.20) Assuming Conjecture 1.3
below, we have the following:
(i) The stable pair invariants on Y are described as explicit polynomials
of stable pair invariants on X and generalized DT invariants (1) on
ωP2.
(ii) If there is L ∈ Pic(X) with L|D ∼= OD(1), then there exist explicit
polynomial relations among stable pair invariants on X and gener-
alized DT invariants (1) on ωP2 caused by STOD ◦ ⊗L.
2 The HL condition on a CY3 orbifold is equivalent to that the crepant resolution of
its coarse moduli space has at most one dimensional fibers.
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The result of Theorem 1.2 (i) in particular derives a recursion formula
of stable pair invariants on X with curve classes proportional to [l] for a
line l ⊂ D (in other words stable pair invariants on ωP2), whose coefficients
involve the invariants (1) (cf. Corollary 5.14). The result of Theorem 1.2
(ii) implies a stronger statement: the stable pair invariants on X with curve
classes β satisfying D · β < 0 are described in terms of those with curve
classes β − c[l] for c > 0, with coefficients involving (1) (cf. Remark 5.21).
In the previous paper [Toda], the author proved a recursion formula of
the generating series of the invariants (1) with r > 0 in terms of theta type
series for indefinite lattices. It is also possible to describe the invariants (1)
with r = 0, c > 0 in terms of stable pair invariants on X with curve classes
proportional to [l] (cf. Lemma 3.15). These results imply that, in principle,
one can compute the relations of stable pair invariants concerning Ques-
tion 1.1 for the derived equivalences Φ and STOD . The resulting formulas
in Theorem 5.11, Theorem 5.20 are complicated, and we leave it a future
work to give a more conceptual understanding of our result.
We should mention that the result of Theorem 1.2 is still conditional to
the following conjecture, which was also assumed in the author’s previous
work [Tod13].
Conjecture 1.3. Let M be the moduli stack of objects E ∈ DbCoh(X)
satisfying Ext<0(E,E) = 0. For [E] ∈ M, let G be a maximal reductive
subgroup of Aut(E). Then there is a G-invariant analytic open neighborhood
V of 0 in Ext1(E,E), a G-invariant holomorphic function f : V → C with
f(0) = df |0 = 0, and a smooth morphism of complex analytic stacks
Φ: [{df = 0}/G] →M
of relative dimension dimAut(E)− dimG.
The above conjecture has been a technical obstruction to generalize Joyce-
Song’s wall-crossing formula of DT invariants [JS12] for coherent sheaves to
the derived category. It was proved for E ∈ Coh(X) by Joyce-Song [JS12],
and announced by Behrend-Getzler. There exist more recent progress to-
ward it, which will be reviewed in the next subsection. Without assuming
Conjecture 1.3, we can prove Euler characteristic version of Theorem 1.2
(i.e. results for the naive Euler characteristics of stable pair moduli spaces),
as stated in Subsection 5.7.
1.3. Related works. In [Tod13], [Cala], the flop transformation formula of
stable pair invariants was obtained from the categorical viewpoint, giving an
answer to Question 1.1 (i) for birational Calabi-Yau 3-folds. In the orbifold
case, let Y be a Calabi-Yau 3-fold with Gorenstein quotient singularities and
X → Y its crepant resolution. Under the HL condition on the associated
Deligne-Mumford stack Y → Y , Bryan-Cadman-Young [BCY12] formulated
a conjectural relationship between DT invariants on X and those on Y.
Combined with the DT/PT correspondence [Bri11], [Tod10a], [ST11] on
X, and Bayer’s announced work [Bay] on it for CY3 orbifolds with HL
condition, we have a conjectural answer to Question 1.1 (i) in this situation.
The conjecture in [BCY12] is still open, but some progress toward it is
obtained in [Calb], [BS], [Ros].
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In the above HL case, the resulting formula should be described by a
product formula of the generating series of stable pair invariants. In our
situation of Theorem 1.2, the stack Y does not satisfy the HL condition,
and it seems unlikely that the results are formulated as product formulas of
the generating series. From the categorical viewpoint, the main difference
from the HL case is the non-triviality of the Euler pairings between objects
supported on the fibers of X → Y . Due to this non-triviality, the com-
binatorics of the wall-crossing becomes complicated, and it seems hard to
understand the result in terms of the generating series. In any case, we hope
that the result of Theorem 1.2 would give a hint toward a generalization of
the conjecture in [BCY12] without the HL condition.
There exist few works concerning Question 1.1 (ii) so far. We can say
that the rationality of the generating series of stable pair invariants, con-
jectured in [PT09] and proved in [Tod10b], [Bri11], is interpreted to be an
answer to Question 1.1 (ii) for the derived dualizing functor. Also the au-
tomorphic property of sheaf counting invariants on local K3 surfaces under
Hodge isometries, together with product expansion of the generating series
of stable pair invariants on them [Tod12] in terms of the former invariants,
is interpreted to be an answer to Question 1.1 (ii) for autoequivalences of K3
surfaces [Tod08], [Tod12]. The result of Theorem 1.2 (ii) provides a further
example of such a phenomena.
In GW theory, an analogue of Question 1.1 (i) has been one of the central
themes. Since birational Calabi-Yau 3-folds or orbifolds should be derived
equivalent (cf. [Bri02], [BKR01], [Kaw05]), Question 1.1 (i) for GW theory
is related to the analytic continuation problem of quantum cohomologies
discussed in [Rua83], [BG09], [CIT09]. Also we expect that Question 1.1 (ii)
is related to the modularity problem of partition functions of GW invariants,
as the action of autoequivalences on the derived category should correspond
to the monodromy action under the mirror symmetry. We refer to [OP06],
[MRS] for the works on the modularity in GW theory.
In recent years, we have seen progress toward an algebraic version of
Conjecture 1.3 using derived algebraic geometry. By the work of Pantev-
Toe¨n-Vaquie-Vezzosi [PTVV13], the stackM is shown to be a derived stack
with a (−1)-shifted symplectic structure. Using this fact, B. Bassat-Brav-
Bussi-Joyce [BBBBJ] showed that M has Zariski locally an atlas which is
written as a critical locus of a certain algebraic function. Still this is not
enough to conclude Conjecture 1.3. However under the assumption that M
is Zariski locally written as a quotient stack of the form [S/GLn(C)] for some
complex scheme S, Bussi [Bus, Theorem 4.3] showed a result which is very
similar to Conjecture 1.3. Indeed her result implies relevant Behrend func-
tion identities for objects in M, which are enough for our applications. At
this moment, the author does not know how to eliminate the local quotient
stack assumption, nor prove it in the situations we are interested in.
1.4. Ideas behind the proof of Theorem 1.2. The proof of Theorem 1.2
follows from wall-crossing argument in the space of weak stability condi-
tions, as in the author’s previous papers [Tod10a], [Tod13], [Tod12]. In
order to explain the argument, we first recall Bayer-Macri’s description
of the space Stab(ωP2) of Bridgeland stability conditions on D
bCoh(ωP2)
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in [BM11]. They showed that the double quotient stack of Stab(ωP2) by the
actions of AutDbCoh(ωP2) and the additive group C contains the param-
eter space of the mirror family of ωP2 . The latter space has three special
points: large volume limit, conifold point and orbifold point (cf. Figure 1).
Near the large volume limit, the semistable objects consist of (essentially)
Gieseker semistable sheaves on ωP2 . At the orbifold point, the semistable
objects consist of representations of the McKay quiver under derived McKay
correspondence [BKR01]. By taking a path connecting the orbifold point
with the large volume limit, one can relate representations of the McKay
quiver with semistable sheaves on ωP2 by wall-crossing phenomena: there is
a finite number of walls on the above path such that the set of semistable
objects are constant on the interval, but jump at walls.
??????????????? ??
??????????????
??????????????
Figure 1. The space of stability conditions on ωP2
Let us return to our global situation. In the situation of Theorem 1.2, we
define the following triangulated category
DX/Y := 〈OX ,DbCoh≤1(X/Y )〉tr.
Here Coh≤1(X/Y ) is the category of coherent sheaves on X which are at
most one dimensional outside D. Our strategy is to construct a path similar
to Figure 1 in the space of weak stability conditions on DX/Y
σt ∈ StabΓ•(DX/Y ), t ∈ R≥0.
The above one parameter family is an analogue of the path in Figure 1, i.e.
limt→∞ σt corresponds to the large volume limit, and σ0 corresponds to the
orbifold point. We show that the rank one σt-stable objects for t≫ 1 consist
of objects of the form
OX(rD)⊗ (OX → F )(2)
for r ∈ Z and a stable pair (OX → F ) on X. We also show that the rank
one σ0-stable objects consist of objects of the form
Φ(OY → F )(3)
for a stable pair (OY → F ) on Y. Then we can relate objects (2), (3) by
wall-crossing phenomena. If we assume Conjecture 1.3, then Joyce-Song’s
wall-crossing formula [JS12] is applied in our setting. It relates stable pair
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invariants on Y with those on X together with the invariants (1), giving
Theorem 1.2 (i).
We now explain the idea of Theorem 1.2 (ii). It follows from a general
principle explained in [Todb, Section 1]. In general, suppose that there is a
stability condition τ on the derived category of a Calabi-Yau 3-fold, which
has a symmetric property with respect to an autoequivalence Θ in a certain
sense. In [Todb], such a stability condition τ was called Gepner type with
respect to Θ. Let DTτ (v) be the DT type invariant (if it exists) counting
τ -semistable objects with numerical class v. The Gepner type property of τ
would yield
DTτ (v) = DTτ (Θ∗v).(4)
On the other hand, one may relate both sides of (4) with classical DT invari-
ants counting sheaves or curves by wall-crossing. Combined with the identity
(4), one may obtain non-trivial constraints among classical DT invariants
caused by Θ.
In Figure 1, the orbifold point is known to be Gepner type with respect
to Θ = STOD ◦ ⊗L. Since the weak stability condition σ0 on DX/Y is an
analogue of the orbifold point, one expects that the above general philosophy
may be applied to obtain constraints among stable pair invariants on X
caused by Θ. In our situation, the equivalence Θ does not preserve DX/Y ,
so σ0 is not Gepner type in a strict sense. However one can prove that
Θ takes σ0-stable objects to similar stable objects in another triangulated
category
DLX/Y := 〈L,Db Coh≤1(X/Y )〉tr.
Namely there also exists a one parameter family σLt of weak stability con-
ditions on DLX/Y such that σ0-stable objects and σL0 -stable objects coincide
under the equivalence Θ. We then apply the similar wall-crossing formula
in DLX/Y from σL0 to σLt for t ≫ 1. It implies another description of stable
pair invariants on Y in terms of those on X and the invariants (1). By
comparing it with the result of Theorem 1.2 (i), we obtain the constraints
in Theorem 1.2 (ii).
1.5. Plan of the paper. In Section 2, we recall derived equivalences con-
cerning Calabi-Yau 3-folds containing P2, and fix some notation. In Sec-
tion 3, we recall stable pair invariants, generalized DT invariants on local
P2, and their properties. In Section 4, we construct a one parameter family
of weak stability conditions on the triangulated category DX/Y . In Sec-
tion 5, we describe the wall-crossing phenomena with respect to our weak
stability conditions, and prove Theorem 1.2.
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1.7. Notation and convention. In this paper, all the varieties or stacks
are defined over C. For a d-dimensional variety X, we denote by H∗(X,Q)
the even part of the singular cohomologies of X, and write its element as
(v0, v1, · · · , vd) for vi ∈ H2i(X,Q). We sometimes abbreviate Q and just
write H2i(X,Q), H2i(X,Q) as H
2i(X), H2i(X). For a triangulated category
D and a set of objects S in D, we denote by 〈S〉tr the triangulated closure,
i.e. the smallest triangulated category of D which contains S. Also 〈S〉ex
is the extension closure, i.e. the smallest extension closed subcategory in D
which contains S. For a Deligne-Mumford stack Y, we denote by Coh(Y)
the abelian category of coherent sheaves on Y. For d ∈ Z, we denote by
Coh≤d(Y) ⊂ Coh(Y) the subcategory of objects E ∈ Coh(Y) satisfying
dimSupp(E) ≤ d. If d = 0, we write the subscript ‘≤ 0’ just as ‘0’, e.g. write
Coh≤0(X) as Coh0(X), etc. For E ∈ Db Coh(Y), we denote by Hi(E) ∈
Coh(Y) its i-th cohomology.
2. Derived category of Calabi-Yau 3-folds containing P2
2.1. Geometry of Calabi-Yau 3-folds containing P2. LetX be a smooth
projective Calabi-Yau 3-fold, i.e.
KX = 0, H
1(X,OX ) = 0.
We always assume that there is a closed embedding
i : P2 →֒ X
whose image we denote by D. There exist several examples of such Calabi-
Yau 3-folds, as follows:
Example 2.1. Let X be the hypersurface in P3 × P1 given by
X =
{
y1
(
4∑
i=1
x4i
)
+ y2
4∏
i=1
xi = 0
}
.
Here xi, 1 ≤ i ≤ 4 are homogeneous coordinates of P3 and yi, 1 ≤ i ≤ 2 are
those of P1. Then X is a smooth Calabi-Yau 3-fold which contains planes
(y1 = xi = 0) for each 1 ≤ i ≤ 4.
Example 2.2. Let S1 ⊂ P3 be a plane, S7 ⊂ P3 a smooth hypersurface
of degree seven, such that the divisor S1 + S7 is a normal crossing divisor.
Let Z → P3 be the double cover branched along S1 + S7. Then Z has A1-
singularities along the pull-back of S1 ∩ S7. Let
X → Z
be the blow-up along the singular locus. Then X is a smooth Calabi-Yau
3-fold, and the pull-back of S1 contains P
2 as an irreducible component.
See [KK09, Section 4.2].
Example 2.3. Let E be the elliptic curve which admits an automorphism
of order 3. The group G = Z/3Z acts on E × E × E diagonally. Then the
crepant resolution
X → (E × E × E)/G
is a smooth Calabi-Yau 3-fold which contains 27 planes. See [Bea83, Sec-
tion 2].
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Let H be an ample divisor on X and l ⊂ D a line. We note that
D · l = −3, D2 = −3[l], D3 = 9.
The divisor 3H+(H ·l)D is nef and big onX. By the basepoint free theorem,
some multiple of it gives a birational morphism
f : X → Y(5)
which contacts a divisor D ⊂ X to a point p ∈ Y . It is well-known that3
ÔY,p ∼= C [[x, y, z]]G .(6)
Here G := Z/3Z acts on C [[x, y, z]] via weight (1, 1, 1). Since p ∈ Y is a
quotient singularity, we have the associated smooth Deligne-Mumford stack4
g : Y → Y(7)
whose coarse moduli space is isomorphic to Y . The diagram
X ×Y Y
p q
X
f
φ Y
g
Y
(8)
is pulled back via Spec ÔY,p → Y to the pull-back via Spec ÔC3/G,0 → C3/G
of the standard McKay diagram5 of local P2
[Bl0C
3/G]
p q
U = ωP2
f
φ
[C3/G]
g
C3/G.
(9)
Here Bl0C
3 → C3 is the blow-up at the origin, which admits the G-action
since G fixes the origin. Also
π : U = ωP2 → P2(10)
is the total space of the canonical line bundle of P2, which is the coarse
moduli space of the quotient stack [Bl0C
3/G].
3For example, the same argument of [Mor82, (3.3.5)] shows the isomorphism (6).
4We refer to [Kaw05, Definition 2.1] for the construction of Y. We note that Y satisfies
the condition (∗) in [Kaw05, Definition 2.1] since p ∈ Y is a quotient singularity.
5By abuse of notation, in the diagram (9), we use the same notation for the morphisms
used in the diagram (8).
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2.2. Derived equivalence. Since the diagram (9) is toric, we can ap-
ply [Kaw05, Theorem 4.2] (also see [BKR01]) to show the derived equiv-
alence
Φ := Rp∗Lq∗ : DbCoh(Y) ∼→ DbCoh(X).(11)
Let ρj be the one dimensional representation of G with weight j. The objects
Sj := ρ−j ⊗O0 ∈ CohG(C3)
naturally define the objects Sj ∈ Coh(Y). Here CohG(C3) is the category
of G-equivariant coherent sheaves on C3, which coincides with the category
of coherent sheaves on [C3/G]. Also we set
T0 := OD, T1 := ΩD(1)[1], T2 := OD(−1)[2].(12)
We have the following lemma.
Lemma 2.4. We have Φ(OY) ∼= OX and Φ(Sj) ∼= Tj for 0 ≤ j ≤ 2.
Proof. It is enough to prove the same claim for the local derived equivalence
Φ = Rp∗Lq∗ : Db CohG(C3)
∼→ DbCoh(ωP2).
Let E be the vector bundle on U = ωP2 given by
E = OU ⊕OU (1)⊕OU (2).
It is well-known that we have the derived equivalence (cf. [Bri05])
RHom(E ,−) : DbCoh(U) ∼→ Dbmod(B)(13)
where B is the non-commutative algebra defined by End(E). The algebra
B is the path algebra of a quiver with three vertices and some relations.
Under the equivalence (13), the objects T0, T1, T2 are sent to the simple ob-
jects corresponding to the above three vertices. Therefore the isomorphism
Φ(Sj) ∼= Tj follows if we show that
RHom(OU (k),Φ(Sj)) = Cδjk(14)
for 0 ≤ j, k ≤ 2. Let p′ : Bl0(C3)→ U be the Galois G-cover. Then we have
p′∗OBl0(C3) ∼= OU ⊕OU (1)⊗ ρ1 ⊕OU (2)⊗ ρ2.
It follows that
Φ(OC3 ⊗ ρ−k) ∼= (OU ⊗ ρ−k ⊕OU (1) ⊗ ρ1−k ⊕OU (2)⊗ ρ2−k)G
∼= OU (k)(15)
for 0 ≤ k ≤ 2. Therefore (14) holds. The isomorphism Φ(OY) ∼= OX also
follows from the isomorphism (15) for k = 0. 
We define the following abelian category
Coh≤d(X/Y ) := {E ∈ Coh(X) : dimSupp f∗E ≤ d}.(16)
By the construction of Φ, we have the commutative diagram
Db Coh0(Y)
Φ
DbCoh≤1(Y)
Φ
Db Coh(Y)
Φ
Db Coh0(X/Y ) D
bCoh≤1(X/Y ) Db Coh(X)
(17)
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such that each vertical arrows are equivalences.
2.3. Numerical Grothendieck groups. Let D be a C-linear triangulated
category satisfying ∑
i∈Z
dimHom(E,F [i]) <∞
for all E,F ∈ D. Under the above condition, the following Euler pairing is
well-defined
χ(E,F ) :=
∑
i∈Z
(−1)i dimHom(E,F [i]).(18)
The above pairing descends to the pairing on the Grothendick group K(D)
of D. Two elements E1, E2 ∈ K(D) are called numerically equivalent if we
have χ(E1, F ) = χ(E2, F ) for any F ∈ K(D). The numerical Grothendieck
group N(D) of D is defined to be the group of numerical equivalence classes
of K(D). By the definition, the Euler pairing (18) descends to the perfect
pairing on N(D).
Let X, Y be as in the previous subsections. We set
N(X) := N(DbCoh(X)), N(Y) := N(DbCoh(Y)).
The equivalence (11) induces the isomorphism
Φ∗ : N(Y) ∼→ N(X).(19)
Since X is a smooth projective 3-fold, it satisfies the Hodge conjecture.
Together with Riemann-Roch theorem, the Chern character map fromK(X)
descends to the injective homomorphism
ch : N(X) →֒ H∗(X,Q).(20)
In particular, both of N(X) and N(Y) are finitely generated free abelian
groups. The Euler paring (18) on N(X) is described as
χ(E,F ) =
3∑
j=0
(−1)j chj(E) ch3−j(F )
+
c2(X)
12
(ch0(E) ch1(F )− ch1(E) ch0(F )) .(21)
We set
N≤d(Y) := Im(K(Coh≤d(Y))→ N(Y))
N≤d(X/Y ) := Im(K(Coh≤d(X/Y ))→ N(X)).
By the diagram (17), we have the commutative diagram⊕2
j=0 Z[Sj]
∼= [Sj ] 7→[Tj]
∼=
N0(Y)
∼= Φ∗
N≤1(Y)
∼= Φ∗
N(Y)
∼= Φ∗
K(P2)
i∗
∼=
ch
N0(X/Y ) N≤1(X/Y )
ch
N(X)
ch
H∗(P2,Q)
i♯
Q[D]⊕H≥4(X,Q) H∗(X,Q).
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Remark 2.5. It is well-known that K(P2) ∼= Z3, and the Euler paring on
it is perfect. This fact easily shows that the map i∗ : K(P2) → N0(X/Y ) is
an isomorphism.
In what follows, we fix the isomorphism
Q⊕3
∼=→ H∗(P2,Q), (r, c,m) 7→ (r, c · h,m · h2)(22)
where h = c1(OP2(1)), and write elements of H∗(P2,Q) as (r, c,m) ∈ Q3 via
(22). In this notation, the map i♯ is given by
i♯(r, c,m) =
(
0, r[D],
(
3
2
r + c
)
[l],
3
2
r +
3
2
c+m
)
(23)
by the Grothendieck Riemann-Roch theorem.
2.4. Seidel-Thomas twist. The object OD ∈ Coh(X) is a spherical object,
i.e.
ExtiX(OD,OD) =
{
C i = 0, 3
0 i 6= 0, 3.
By [ST01], there is the associated autoequivalence
STOD : D
b Coh(X)
∼→ DbCoh(X)
called Seidel-Thomas twist. For any E ∈ DbCoh(X), the object STOD(E)
fits into the distinguished triangle
RHom(OD, E) ⊗OD → E → STOD(E).(24)
We now assume that6 there is a line bundle L on X satisfying i∗L ∼= OP2(1).
The isomorphism (15) for k = 1 shows that the object
L† := Φ−1(L)(25)
is also a line bundle on Y. We set
Θ := STOD ◦ ⊗L : DbCoh(X) ∼→ Db Coh(X).(26)
Lemma 2.6. The equivalence
Θ† := Φ−1 ◦Θ ◦ Φ: Db Coh(Y)→ DbCoh(Y)(27)
restricts to the autoequivalence of Coh(Y) given by −⊗OYL†.
Proof. We have the local autoequivalence
Θ† : DbCohG(C3)→ DbCohG(C3)(28)
constructed in the same way of (27), replacing L by OU (1). By the iso-
morphism (15) for k = 1, it is enough to prove that the functor (28) is
isomorphic to tensoring OC3 ⊗ ρ−1. A direct computation easily shows that
Θ(OU ) ∼= OU (1), Θ(OU (1)) ∼= OU (2), Θ(OU (2)) ∼= OU .
Here Θ = STO
P2
◦ OU (1) by abuse of notation. This implies that
Θ†(OC3 ⊗ ρ−j) ∼= OC3 ⊗ ρ−j−1
6It is easy to see that such a line bundle exists in Examples 2.1, 2.2, 2.3.
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for j ∈ Z/3Z. Hence the functor (28) is isomorphic to tensoring OC3 ⊗ ρ−1
on the objects OC3 ⊗ ρ−j . Since the objects OC3 ⊗ ρ−j for 0 ≤ j ≤ 2 are
local projective generators of CohG(C
3), we obtain the result. 
Let Coh≤d(X/Y ) be the abelian category defined by (16). By Lemma 2.6,
we have the commutative diagram
Coh≤d(Y)
⊗L†
DbCoh≤d(Y)
⊗L†
Φ
Db Coh≤d(X/Y )
Θ
Coh≤d(Y) DbCoh≤d(Y) Φ Db Coh≤d(X/Y )
(29)
such that each vertical arrows are equivalences. The equivalence (26) also
induces the commutative diagram
N≤1(X/Y )
Θ∗
ch
N≤1(X/Y )
ch
Q[D]⊕H≥4(X,Q) Θ♯ Q[D]⊕H≥4(X,Q).
(30)
Using the triangle (24), the linear isomorphism Θ♯ is calculated as
Θ♯(r[D], β, n) =
((
5
2
r + βD
)
[D], β +
(
13
4
r +
3
2
βD
)
[l],
n+
11
4
r +
3
2
βD + c1(L)β
)
.(31)
3. Stable pairs and generalized DT invariants
In this section, we recall stable pairs, generalized DT invariants, and their
properties.
3.1. Stable pair invariants. First we recall the definition of stable pairs
on a Calabi-Yau 3-fold X introduced by Pandharipande-Thomas [PT09].
Definition 3.1. ([PT09]) A stable pair on X consists of data
s : OX → F(32)
where F ∈ Coh≤1(X) is pure one dimensional, and Cok(s) ∈ Coh0(X).
For n ∈ Z and β ∈ H2(X,Z), let
Pn(X,β)
be the moduli space of stable pairs (32) with [F ] = β7 and χ(F ) = n. The
moduli space Pn(X,β) is a projective scheme with a symmetric perfect ob-
struction theory. It is also regarded as a moduli space of two term complexes
(OX s→ F ), satisfying the condition
ch(OX → F ) = (1, 0,−β,−n).
7If we write [F ] = β, it means that the fundamental homology class determined by F
equals to β. By abuse of notation, we also use the notation [F ] for the class of F in the
numerical Grothendieck group.
STABLE PAIR INVARIANTS ON CALABI-YAU THREEFOLDS CONTAINING P2 13
Here OX is located in degree zero, and H2(X) is identified with H4(X) by
Poincare´ duality. Let ν be the Behrend constructible function [Beh09] on
Pn(X,β). The stable pair invariant Pn,β(X) is defined by
Pn,β(X) :=
∫
Pn(X,β)
ν dχ.
Here for a constructible function ν on a variety M , we define∫
M
ν dχ :=
∑
m∈Z
m · χ(ν−1(m)).
Remark 3.2. By the injectivity of (20), the map
N≤1(X)→ H2(X,Z) ⊕ Z(33)
sending F to ([F ], χ(F )) is injective. Therefore if Pn(X,β) 6= ∅, we may
write it as P (X,α), and Pn,β(X) as Pα(X), for α ∈ N≤1(X) corresponding
to (β, n) under (33).
Remark 3.3. Suppose that X contains a divisor D ∼= P2, β = c[l] for c > 0
and a line l ⊂ D. Then then for any stable pair (OX → F ) ∈ Pn(X, c[l]),
the sheaf F is supported on D. Since the formal neighborhood of D ⊂ X and
the zero section P2 ⊂ ωP2 are isomorphic, the invariant Pn,c[l](X) coincides
with the stable pair invariant on ωP2.
It is straightforward to generalize the notion of stable pairs to a CY3
orbifold Y.
Definition 3.4. An orbifold stable pair on Y consists of data
s : OY → F(34)
where F ∈ Coh≤1(Y) is pure, i.e. Hom(Coh0(Y), F ) = 0, and Cok(s) ∈
Coh0(Y).
Similarly to Remark 3.2, we denote by
P (Y, γ)
for γ ∈ N≤1(Y) the moduli space of orbifold stable pairs (34) satisfying
[F ] = γ in N≤1(Y). In this paper, we don’t purse the foundation of orbifold
stable pair moduli spaces, e.g. GIT construction of P (Y, γ). At least we
have the following lemma, which is enough for our purpose.
Lemma 3.5. The moduli space P (Y, γ) is a finite type open sub algebraic
space of the moduli space of simple objects in DbCoh(Y).
Proof. The result is an immediate consequence of Proposition 5.2 and Propo-
sition 5.4 proven later. 
Using the Behrend function ν on P (Y, γ), the orbifold stable pair invariant
is defined by
Pγ(Y) :=
∫
P (Y ,γ)
ν dχ.(35)
Note that Pγ(Y) = 0 for 0 6= γ ∈ N0(Y) by the definition of orbifold stable
pairs.
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3.2. Generalized DT invariants. We recall the construction of general-
ized DT invariants on a Calabi-Yau 3-fold X, following [JS12]. Let Coh(X)
be the moduli stack of all the objects in Coh(X). The stack theoretic Hall
algebra H(X) is Q-spanned by the isomorphism classes of the symbols
[ρ : X → Coh(X)]
where X is an Artin stack of finite type over C with affine geometric stabi-
lizers and ρ is a 1-morphism. The relation is generated by
[ρ : X → Coh(X)] ∼ [ρ|Y : Y → Coh(X)] + [ρ|U : U → Coh(X)](36)
where Y ⊂ X is a closed substack and U := X \Y. There is an associative ∗-
product onH(X) based on the Ringel-Hall algebras (cf. [Joy07, Section 5.1]).
The unit is given by
1 = [SpecC→ Coh(X)]
which corresponds to 0 ∈ Coh(X). Also there is a Lie subalgebra
HLie(X) ⊂ H(X)
consisting of elements supported on virtual indecomposable objects. We refer
to [Joy07, Section 5.2] for the detail of the definition of HLie(X).
Let C(X) be the Lie algebra
C(X) :=
⊕
v∈N(X)
Q · cv
with bracket given by
[cv1 , cv2 ] := (−1)χ(v1,v2)χ(v1, v2)cv1+v2 .(37)
By [JS12, Theorem 5.12], there is a Lie algebra homomorphism
Π: HLie(X)→ C(X)(38)
such that if X is a C∗-gerbe over an algebraic space X ′, we have
Π([ρ : X → Cohv(X)]) = −
(∑
k∈Z
k · χ(ν−1(k))
)
cv.
Here Cohv(X) is the stack of sheaves with numerical class v, ρ is an open
immersion and ν is Behrend’s constructible function on X ′.
Let H be an ample divisor on X. For v ∈ N(X), let8
Ms(ss)(v) ⊂ Coh(X)(39)
be the open substack of H-Gieseker (semi)stable sheaves E ∈ Coh(X) sat-
isfying [E] = v. The stack (39) determines the element
δ(v) := [Mss(v) ⊂ Coh(X)] ∈ H(X).
The above element also defines the element of HLie(X):
ǫ(v) :=
∑
k≥1,v1+···+vk=v
p(vi)=p(v)
(−1)k−1
k
δ(v1) ∗ · · · ∗ δ(vk).
8We omit H in the subscript of the moduli spaces and invariants, as its choice does not
matter in the situation of Subsection 3.3.
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Here p(v) is the reduced Hilbert polynomial of a sheaf E with [E] = v.
Definition 3.6. The generalized DT invariant DT(v) ∈ Q is defined by the
formula:
Π(ǫ(v)) = −DT(v) · cv .
Remark 3.7. If Ms(v) = Mss(v), then they are C∗-gerbe over a quasi-
projective scheme M s(v). In this case, the invariant DT(v) is written as
DT(v) =
∫
Ms(v)
ν dχ
where ν is the Behrend function on M s(v).
It has been expected that the above arguments are generalized to the
derived category setting. Namely, we expect that we can replace the cate-
gory of coherent sheaves by other heart of t-structure A ⊂ DbCoh(X), and
Gieseker stability by Bridgeland stability [Bri07] or weak stability [Tod10a].
The arguments are almost parallel, except that we need one technical result
on the local description of the moduli stack of objects in the derived cat-
egory, proven for coherent sheaves in [JS12, Theorem 5.3]. Conjecture 1.3
in the introduction is required to show the existence of a Lie algebra homo-
morphism (38) in the derived category setting.
3.3. Generalized DT invariants on local P2. The construction of gen-
eralized DT invariants is also applied to the non-compact Calabi-Yau 3-fold
U = ωP2 . Let Cohc(U) be the category of coherent sheaves on U with
compact supports, and set
Λ := Im(ch : Coh(P2) \ {0} → H∗(P2,Q)).
Under the isomorphism (22), we have
Λ ⊂
(r, c,m) ∈ Z2 ⊕ 12Z :
r > 0 or
r = 0, c > 0 or
r = c = 0,m > 0
 .
By replacing Coh(X) by Cohc(U) in Subsection 3.2, we obtain the invariant
DT(r, c,m) ∈ Q
which counts Gieseker semistable sheaves9 F ∈ Cohc(U) satisfying
ch(π∗F ) = (r, c,m).
Here (r, c,m) ∈ Λ, and π is the projection (10). We also define DT(r, c,m)
for elements (r, c,m) /∈ Λ by
DT(r, c,m) :=
{
DT(−r,−c,−m) (r, c,m) ∈ −Λ
0 ±(r, c,m) /∈ Λ.
Remark 3.8. If (r, c,m) ∈ −Λ, then DT(r, c,m) counts objects F [1] ∈
Db(Coh0(U)) for semistable sheaves F ∈ Coh0(U) with ch(π∗F ) = −(r, c,m).
Remark 3.9. By Bogomolov inequality, the invariant DT(r, c,m) is non-
zero only if c2 ≥ 2rm.
9Indeed such sheaves are scheme theoretically supported on the zero section of pi, if
r > 0 or r = 0, c > 0. See [Toda, Lemma 2.3]
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Remark 3.10. If r > 0, the invariant DT(r, c,m) coincides with the one af-
ter replacing the Gieseker stability by slope stability. See [Toda, Lemma 2.10].
Remark 3.11. For a Gieseker semistable sheaf F ∈ Cohc(U), the sheaf
F ⊗OU (±1) is also Gieseker semistable. This implies
DT(r, c,m) = DT(r, c+ r,m+ c+ r/2).(40)
We also have the following lemma:
Lemma 3.12. We have the equality
DT(r, c,m) = DT(r,−c,m).(41)
Proof. If r = 0 and c > 0, then the result follows since F 7→ Ext1
P2
(F,OP2)
gives an isomorphism between Mss(0, c,m) and Mss(0, c,−m). Hence we
may assume that r > 0. Let us set µ = c/r and 10
Bµ :=
〈
F,Coh0(U)[−1] : F ∈ Cohc(U) is slopesemistable with slope µ
〉
ex
.
Let H(U) be the Hall algebra of Cohc(U). Similarly to Subsection 3.2, the
moduli stacks of objects in Bµ, slope semistable sheaves in Cohc(U) with
slope µ, objects in Coh0(U)[−1] determine elements
δBµ , δMµ , δ0 ∈ Ĥ(U)
respectively. Here Ĥ(U) is a suitable completion of H(U). By the definition
of Bµ, we have the following relation in Ĥ(U)
(1 + δBµ) = (1 + δMµ) ∗ (1 + δ0).(42)
Let Ψ be the autoequivalence of DbCohc(U), given by
Ψ(F ) = RHomU (F,OU (3))[1].
Then an object F ∈ Db Cohc(U) satisfies ch(π∗F ) = (r, c,m) if and only if
ch(π∗Ψ(F )) = (r,−c,m). Moreover the proof of [Tod12, Lemma 9.1] shows
that Ψ restricts to the equivalence between B−µ and Bµ. Replacing µ by −µ
in (42) and applying Ψ∗, we obtain the following relation
1 + δBµ = Ψ∗(1 + δB−µ)
= (1 + δ0) ∗Ψ∗(1 + δM−µ).(43)
We set ǫMµ = log(1 + δMµ) and ǫ0 = log(1 + δ0). The relations (42), (43)
imply that
Ψ∗ǫM−µ = log
(
exp(−ǫ0) ∗ exp(ǫMµ) ∗ exp(ǫ0)
)
.
By the Baker-Campbell-Hausdorff formula, we obtain
Ψ∗ǫM−µ = ǫMµ +
(
multiple commutators
of ǫMµ and ǫ0
)
.(44)
Because χ(F,F ′) = 0 for any F,F ′ ∈ Bµ, the multiple commutator parts
of (44) vanish after applying the integration map (38) for H(U). By Re-
mark 3.10, we obtain the desired identity (41). 
10The slope function on F ∈ Cohc(U) is defined by that of pi∗F . See Subsection 4.1.
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3.4. The invariants DT(r, c,m) for r > 0. In this subsection, we review
the work of [Toda] 11 on the invariants DT(r, c,m) with r > 0. For r > 0,
we define the following generating series:
DT(r, c) :=
∑
m
DT(r, c,m)(−q 12r )c2−2rm.(45)
If (r, c) is coprime, then the series (45) is the generating series of Euler
numbers of moduli spaces of stable sheaves on P2 studied in the context of
Vafa-Witten’s S-duality conjecture [VW94]. We give some examples of the
series (45).
Example 3.13. If r = 1, the work of Go¨ttsche [G9¨0] on Hilbert schemes of
points yields
DT(1, c) = q
χ(S)
24 η(q)−χ(S).(46)
Here η(q) = q1/24
∏
k≥1(1− qk) is the Dedekind eta function.
Example 3.14. The case of r = 2 and c = 1 has been studied in several
articles [Kly91], [Yos94], [Yos96], [G9¨9], [Man11], [BM13], [Koo]. From
these articles, one can show that
DT(2, 1) = q
1
4 η(q)−6
1∑
k∈Z qk
2
∑
(a,b)∈(0,1/2)+Z2
a>b>0
(2a− 6b)qa2−b2 .
The result of [Tod12, Proposition 3.6] shows that the series DT(r, c) sat-
isfies a certain recursion formula in terms of modular forms and theta type
series for indefinite lattices. In the notation of [Tod12, Proposition 3.6], the
recursion formula is
DT(r, c) =
∑
k≥2, r1,··· ,rk∈Z≥1
r1+···+rk=r
∑
βi=(ci,ai)∈NS<ri(P̂2)
1≤i≤k
∑
G∈G(k)
(−1)k
2k−1
· U c,G
(r1,β1),··· ,(rk,βk)
(q) · ϑr,1−c(q)−1
k∏
i=1
ϑri,ai(q) ·
k∏
i=1
DT(ri, ci).(47)
We briefly explain the notation used in (47). Let
ρ : P̂2 → P2
be the blow-up at a point and C the exceptional locus of ρ. We identity Z2
with NS(P̂2) via (x, y) 7→ x ·ρ∗h+y · [C]. The set NS<r(P̂2) is a finite subset
of NS(P̂2) given by
NS<r(P̂
2) := {(x, y) ∈ Z2 : 0 ≤ x < r, 0 ≤ y < r}.
The set G(k) is the finite set of certain oriented graphs, defined by
G(k) :=
{
connected and simply connected oriented graphs
with vertex {1, 2, · · · , k}, i→ j implies i < j
}
.(48)
11More recently Manschot [Man] described a closed formula of the Betti numbers of
moduli spaces of semistable sheaves on P2.
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We also have the series (cf. [Tod12, Definition 3.2])
U c,G
(r1,β1),··· ,(rk,βk)
(q) :=
∑
βi∈NS(P̂2), βi≡βi (mod ri)
β1+···+βk=(c,1−c)
U({(ri, βi)}mi=1,H, F+)
·
∏
i→j in G
K
P̂2
(rjβi − riβj)q−
∑
1≤i<j≤k
(rjβi−riβj)
2
2rrirj .(49)
The coefficient U({(ri, βi)}ki=1,H, F+) ∈ Q is Joyce’s combinatorial coeffi-
cient (cf. [Joy08, Definition 4.4]), which is complicated but explicit. The
series (49) is a sum of certain theta type series for indefinite lattices which
converges absolutely for |q| < 1 (cf. [Toda, Proposition 3.3]). Finally the
series ϑr,a(q) is a classical theta series
ϑr,a(q) :=
∑
(k1,··· ,kr−1)∈(a/r,··· ,a/r)+Zr−1
q
∑
1≤i≤j≤r−1 kikj .
The three sums in (47) are finite sums, and ri ∈ Z≥1 in the RHS of (47)
satisfies ri < r. By the induction on r and the formula (46) for r = 1, we
are in principle able to compute DT(r, c,m) for any r ≥ 1 and c,m. By the
convergence of the series (49), the series (45) also converges absolutely for
|q| < 1.
3.5. The invariants DT(0, c,m) with c > 0. The r = 0 case was not
treated in [Tod12]. In this case, we can describe DT(0, c,m) with c > 0
in terms of stable pair invariants on X with curve classes proportional to
[l], i.e. stable pair invariants on ωP2 (cf. Remark 3.3). Using the results
of [Tod10b], [Bri11], we have the following lemma:
Lemma 3.15. For c > 0 and 3c+ 2m 6= 0, we have the following identity
DT(0, c,m) =
∑
k≥1,(cj ,nj)∈Z2,1≤j≤k
(c1,n1)+···+(ck,nk)=(c, 32 c+m)
2(−1) 32 c+m−k
(3c+ 2m)k
 k∏
j=1
Pnj ,cj [l](X) −
k∏
j=1
P−nj ,cj[l](X)
 .
Proof. For n ∈ Z and β ∈ H2(X,Z), let Nn,β(X) ∈ Q be the generalized DT
invariant on X given by12
Nn,β(X) := DT(0, 0, β, n).
Since any one dimensional sheaf F on X with [F ] = c[l] on X is supported
on D, we have the equality
DT(0, c,m) = N 3
2
c+m,c[l](X).(50)
12The invariant Nn,β(X) does not depend on a choice of an ample divsor H . See [JS12,
Theorem 6.16].
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By the result of [Tod10b], [Bri11], we have the following formula
1 +
∑
n∈Z,c>0
Pn,c[l](X)q
ntc =(51)
∏
n>0,c>0
exp
(
(−1)n−1Nn,c[l](X)qntc
)n(∑
n,c
Ln,c[l](X)q
ntc
)
.
Here Ln,c[l](X) ∈ Q is a certain invariant, which satisfies Ln,c[l](X) =
L−n,c[l](X) and zero for |n| ≫ 0 for fixed c. By taking the logarithm of
(51), replacing q by q−1 and taking the difference, we obtain the formula:∑
n∈Z,c>0
(−1)n−1nNn,c[l](X)qntc =
log
1 + ∑
n∈Z,c>0
Pn,c[l](X)q
ntc
− log
1 + ∑
n∈Z,c>0
Pn,c[l](X)q
−ntc
 .
Here we have used the fact that Nn,c[l](X) = N−n,c[l](X) (cf. [Tod10b,
Lemma 4.3 (i)]). Combined with (50), we obtain the desired identity. 
Remark 3.16. By (40), one can replace DT(0, c,m) with DT(0, c,m+ kc)
for k ∈ Z so that 3c+2(m+kc) 6= 0 holds. Then applying Lemma 3.15, one
can describe DT(0, c,m) in terms of Pn,c[l](X) even if 3c+ 2m = 0.
4. The space of weak stability conditions
Let X be a smooth projective Calabi-Yau 3-fold containing a divisor D ∼=
P2. In this section, we construct a one parameter family of weak stability
conditions on a triangulated category DX/Y associated to the birational
contraction (5).
4.1. Tilting of Coh≤d(X/Y ). For 0 6= F ∈ Coh(P2), let µ(F ) be its slope
given by
µ(F ) :=
c1(F ) · h
rank(F )
∈ Q ∪ {∞}.
Here h = c1(OP2(1)) and µ(F ) = ∞ if rank(F ) = 0. The above slope
function defines the notion of µ-semistable sheaves on P2 in the usual way.
Let Coh≤d(X/Y ) be the abelian subcategory of Coh(X) defined by (16).
We define the pair of subcategories (T≤d,F) on Coh≤d(X/Y ) in the following
way:
T≤d :=
〈
Coh≤d(X), i∗T :
T ∈ Coh(P2) is µ-semistable
with µ(F ) > −1/2
〉
ex
(52)
F :=
〈
i∗F :
F ∈ Coh(P2) is µ-semistable
with µ(F ) ≤ −1/2
〉
ex
.
In what follows, we assume that d ∈ {0, 1}. We have the following lemma:
20 YUKINOBU TODA
Lemma 4.1. The subcategories (T≤d,F) form a torsion pair of Coh≤d(X/Y ),
i.e. Hom(T≤d,F) = 0 and any object E ∈ Coh≤d(X/Y ) fits into an exact
sequence
0→ T → E → F → 0(53)
for T ∈ T≤d, F ∈ F .
Proof. The condition Hom(T≤d,F) = 0 is obvious from the definition of
(T≤d,F). We check the condition (53). For E ∈ Coh≤d(X/Y ), there is an
exact sequence of sheaves
0→ T ′ → E → F ′ → 0(54)
where T ′ ∈ Coh≤d(X) and F ′ is pure two dimensional (if it is non-zero)
supported on D. Note that any pure two dimensional semistable sheaf
on X supported on D is scheme theoretically supported on D (cf. [Tod12,
Lemma 2.3]). Therefore by truncating the Harder-Narasimhan filtration of
F ′, and combining the exact sequence (54), we obtain the desired exact
sequence (53). 
By taking the tilting (cf. [HRS96]) with respect to the torsion pair (T≤d,F),
we obtain the heart of a bounded t-structure on DbCoh≤d(X/Y )
B≤d := 〈F [1],T≤d〉ex ⊂ DbCoh≤d(X/Y ).
Note that we have
B0 = B≤1 ∩DbCoh0(X/Y ).
4.2. Relation of B≤d and Coh≤d(Y). Let Φ be the derived equivalence
(11). Note that Φ(Coh≤d(Y)) is the heart of a bounded t-structure on
DbCoh≤d(X/Y ) by the diagram (17). We set
T † := Φ(Coh≤d(Y)) ∩ B≤d[1](55)
F†≤d := Φ(Coh≤d(Y)) ∩ B≤d.
Note that T † does not depend on a choice of d ∈ {0, 1}.
Proposition 4.2. The pair (T †,F†≤d) is a torsion pair of Φ(Coh≤d(Y)) such
that
B≤d = 〈F†≤d,T †[−1]〉ex.
Proof. LetHiB≤d(∗) be the i-th cohomology functor onDbCoh≤d(X/Y ) with
respect to the t-structure with heart B≤d. The claim is equivalent to either
one the following conditions (cf. [BMT14, Proposition 2.3.2]):
HiB≤d(Φ(F )) = 0, i 6= −1, 0, for any F ∈ Coh≤d(Y)(56)
Hi(Φ−1(F )) = 0, i 6= 0, 1, for any F ∈ B≤d.(57)
We first check (56) for d = 0. Since Coh0(Y) is the extension closure of Ox
for x 6= p and Sj with j = 0, 1, 2, we may assume that F is either one of the
above objects. Obviously (56) is satisfied for F = Ox for x 6= p. We have
Φ(Sj) = Tj by Lemma 2.4, and the definition of Tj in (12) yields
T0 ∈ T0, T1 ∈ F [1], T2 ∈ F [2].
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Therefore (56) is satisfied for F = Sj with 0 ≤ j ≤ 2.
Next we prove (57) for d = 1. By the definition, the category B≤1 is
the extension closure of objects in B0 and objects in Coh≤1(X). Since (56)
holds for d = 0, the condition (57) also holds for d = 0. Therefore it is
enough to show that the condition (57) holds for any F ∈ Coh≤1(X). Since
Hi(Φ−1(F )) is supported on p ∈ Y for i 6= 0, it is enough to check the
vanishing of the following spaces for any 0 ≤ j ≤ 2 and k > 0:
Hom(Sj [k],Φ
−1(F )) ∼= Ext−j−kX (Tj [−j], F )
Hom(Φ−1(F ), Sj [−k − 1]) ∼= Extj−k−1X (F, Tj [−j]).
Here we have used Lemma 2.4. Since Tj [−j] is a pure two dimensional sheaf,
the above spaces vanish. Therefore we obtain (57) for d = 1. 
We have the following corollary of the above proposition:
Corollary 4.3. For any pure one dimensional F ∈ Coh≤1(Y), we have
Φ(F ) ∈ B≤1.
Proof. If F ∈ Coh≤1(Y) is pure, we have Hom(T †,Φ(F )) = 0. By Proposi-
tion 4.2, we have Φ(F ) ∈ F†≤1 ⊂ B≤1. 
4.3. Abelian category AX/Y . We define the triangulated category DX/Y
in the following way:
DX/Y := 〈OX ,Db Coh≤1(X/Y )〉tr ⊂ Db Coh(X).
The above triangulated category plays a crucial role in our main purpose.
Let AX/Y be the subcategory of DX/Y , defined by
AX/Y := 〈OX ,B≤1[−1]〉ex ⊂ DX/Y .
We have the following lemma:
Lemma 4.4. There is a bounded t-structure on DX/Y whose heart is given
by AX/Y . In particular, AX/Y is an abelian category.
Proof. Let F ′ be the subcategory of Coh(X) defined by
F ′ := {E ∈ Coh(X) : Hom(T≤1, E) = 0}.
Since T≤1 ⊂ Coh(X) is closed under quotients and Coh(X) is noetherian,
the pair (T≤1,F ′) forms a torsion pair of Coh(X) (cf. [Tod13, Lemma 2.15
(i)]). We set
A := 〈F ′,T≤1[−1]〉ex ⊂ DbCoh(X).(58)
Note that A is the heart of a bounded t-structure on Db Coh(X), and
A ∩Db Coh≤1(X/Y ) = B≤1[−1].
We apply Proposition 4.5 below for D = DbCoh(X), L = OX , D′ =
DbCoh≤1(X/Y ) and A′ = B≤1[−1]. It is obvious that A′ is closed un-
der subobjects and quotients in A. The condition (59) below is equivalent
to the vanishings
Hom(OX ,F) = 0, Hom(T≤1[−1],OX) = 0.
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The vanishing of Hom(OX ,F) is equivalent to the vanishing of Hom(OX , i∗F )
for any µ-semistable F ∈ Coh(P2) with µ(F ) ≤ −1/2. This is equivalent to
the vanishing of Hom(OD, F ), which follows from the µ-semsitability of F
and the inequalities
µ(OD) = 0 > −1
2
≥ µ(F ).
The vanishing of Hom(T≤1[−1],OX ) is equivalent to the vanishings
Hom(G[−1],OX ) = 0, Hom(i∗T [−1],OX) = 0
for any G ∈ Coh≤1(X) and µ-semistable T ∈ Coh(P2) with µ(T ) > −1/2.
The vanishing of Hom(G[−1],OX ) is equivalent to the vanishing ofH2(X,G),
which is obvious. The vanishing of Hom(i∗T [−1],OX ) is equivalent to the
vanishing of Hom(T, ωP2), which follows from the µ-semistability of T and
the inequalities
µ(T ) > −1
2
> −3 = µ(ωP2).

We have used the following result proved in [Tod10a]:
Proposition 4.5. ([Tod10a, Proposition 3.6]) Let D be a C-linear triangu-
lated category and A ⊂ D the heart of a bounded t-structure on D. Take
L ∈ A such that End(L) = C and a full triangulated subcategory D′ ⊂ D
satisfying the following conditions:
• The category A′ := A ∩D′ is the heart of a bounded t-structure on
D′, which is closed under subobjects and quotients in A.
• For any object F ∈ A′, we have
Hom(L,F ) = Hom(F,L) = 0.(59)
Let DL ⊂ D be the triangulated subcategory defined by DL := 〈L,D′〉tr. Then
AL := DL ∩ A is the heart of a bounded t-structure on DL, which satisfies
AL = 〈L,A′〉ex.
Let C ⊂ DbCoh(X) be the subcategory defined by
C := 〈OX(rD),Coh≤1(X)[−1] : r ∈ Z〉ex.
We will use the following lemmas on the abelian category AX/Y .
Lemma 4.6. The category C is a subcategory of AX/Y . In particular, for
any r ∈ Z and a stable pair (OX s→ F ) on X, we have
OX(rD)⊗ (OX s→ F ) ∈ AX/Y .(60)
Proof. It is enough to check that OX(rD) ∈ AX/Y for any r ∈ Z to show
the inclusion C ⊂ AX/Y . Obviously this holds for r = 0. If r > 0, we have
the distinguished triangle
OX((r − 1)D)→ OX(rD)→ OD(−3r).
Since OD(−3r) ∈ F ⊂ AX/Y , we have OX(rD) ∈ AX/Y by the induction of
r. If r < 0, we have the distinguished triangle
OD(−3r − 3)[−1]→ OX(rD)→ OX((r + 1)D).
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Since OD(−3r − 3)[−1] ∈ T≤1[−1] ⊂ AX/Y , we have OX(rD) ∈ AX/Y by
the induction of r. Hence C ⊂ AX/Y holds. By the distinguished triangle
OX(rD)⊗ F [−1]→ OX(rD)⊗ (OX s→ F )→ OX(rD)
the object (60) is an object in C, hence an object in AX/Y . 
Lemma 4.7. For any E ∈ AX/Y with rank(E) = 1, there is a filtration
E1 ⊂ E2 ⊂ E3 = E in AX/Y such that
E1 ∈ F , E2/E1 ∈ C, E/E2 ∈ T pure≤1 [−1].(61)
Here T pure≤1 is the subcategory of T≤1 consisting of pure two dimensional
sheaves.
Proof. Recall that the category AX/Y is a subcategory of A defined by (58).
By the definition of A, there is an exact sequence in A
0→ F → E → T [−1]→ 0(62)
for F ∈ F ′ and T ∈ T≤1. We have the exact sequences of sheaves
0→ F ′ → F → F ′′ → 0
0→ T ′ → T → T ′′ → 0
where F ′ is the torsion part of F and T ′ is the maximal subsheaf of T
contained in Coh≤1(X). Since E ∈ AX/Y , the sheaf F ′ is supported on D,
and satisfies Hom(T≤1, F ′) = 0. It follows that F ′ ∈ F , and also T ′′ ∈ T pure≤1
holds by the construction of T ′. The sheaf F ′′ is a torsion free rank one
sheaf on X, whose determinant is trivial outside D. Hence F ′′ is written as
OX(rD)⊗ IC for some r ∈ Z and a subscheme C ⊂ X with dimC ≤ 1. We
set E1 = F
′ and E2 to be the kernel of the composition in A
E ։ T [−1]։ T ′′[−1].
Then E2/E1 fits into the exact sequence in A
0→ F ′′ → E2/E1 → T ′[−1]→ 0.
Since F ′′, T ′[−1] ∈ C, we have E2/E1 ∈ C, showing that E• is a desired
filtration. 
We also have the following positivity lemma:
Lemma 4.8. For any E ∈ AX/Y , we have rank(E) ≥ 0 and
−2 ch2(E)− 2
3
D ch1(E) ≥ 0.(63)
Here for β ∈ H4(X), β > 0 means that it is a numerical class of an effective
integral one cycle on X.
Proof. The first statement is obvious. For the second statement, note that
F ∈ Coh(P2) with ch(F ) = (r, c,m) satisfies
ch2(i∗F ) +
D
3
ch1(i∗F ) =
(r
2
+ c
)
[l].
Therefore the positivity of (63) follows from the construction of AX/Y . 
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4.4. Abelian category AY . Let Y be the orbifold (7) which is derived
equivalent to X. We define
DY := 〈OY ,Db Coh≤1(Y)〉tr ⊂ DbCoh(Y).
By Lemma 2.4 and the diagram (17), the equivalence (11) restricts to the
equivalence
Φ: DY ∼→ DX/Y .
We define the following subcategory of DY
AY := 〈OY ,Coh≤1(Y)[−1]〉ex ⊂ DY .
Lemma 4.9. There is a bounded t-structure on DY whose heart is given by
AY .
Proof. In [Tod10a, Lemma 3.5], the same statement was proved for non-
orbifold Calabi-Yau 3-folds using Proposition 4.5. The same argument
of [Tod10a, Lemma 3.5] is applied without any modification. 
Lemma 4.10. For an orbifold stable pair (OY s→ F ) on Y, we have
Φ(OY s→ F ) ∈ F ♯ := Φ(AY) ∩ AX/Y .(64)
Proof. Since F is pure one dimensional, we have Φ(F )[−1] ∈ F ♯ by Corol-
lary 4.3. Then the result follows from the distinguished triangle
Φ(F )[−1]→ Φ(OY s→ F )→ OX .

The category T † defined by (55) is a subcategory of Φ(Coh≤1(Y)), hence
we have T †[−1] ⊂ Φ(AY). The relationship between AX/Y and AY is given
as follows:
Lemma 4.11. The subcategory T †[−1] ⊂ Φ(AY) fits into a torsion pair
(T †[−1],F ♯) on Φ(AY) such that
AX/Y = 〈F ♯,T †[−2]〉ex.
Proof. By Proposition 4.2, we have
Φ(AY) ⊂ 〈AX/Y [1],AX/Y 〉ex.
Hence Φ(AY) and AX/Y are related by a tilting for some torsion pair of
Φ(AY). The free part is Φ(AY) ∩ AX/Y , which coincides with F ♯ by its
definition (64). The torsion part is
Φ(AY) ∩ AX/Y [1] = Φ(Coh≤1(Y))[−1] ∩ B≤1
= T †[−1].
Hence we obtain the result. 
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4.5. Weak stability conditions on DX/Y . We construct a one parameter
family of weak stability conditions on DX/Y in the sense of [Tod10a], using
the t-structures in the previous subsections. Let Γ be the free abelian group
defined by
Γ := Im(K(DX/Y )→ N(X)).
The map Γ → Z sending F to rank(F ) has a splitting by 1 7→ [OX ]. Hence
we have
Γ ∼= Z⊕N≤1(X/Y )(65)
and the natural map cl : K(DX/Y )→ Γ given by F 7→ [F ] is identified with
the map
cl(F ) = (rank(F ), [F ] − rank(F )[OX ]).(66)
We set Γ0 = N0(X/Y ), Γ1 = N≤1(X/Y ), so that we have the filtration
0 = Γ−1 ⊂ Γ0 ⊂ Γ1 ⊂ Γ2 = Γ.(67)
The subquotients of the above filtration are described by the isomorphisms
(cf. Remark 2.5):
rank: Γ2/Γ1
∼→ Z, f∗ : Γ1/Γ0 ∼→ N1(Y ), i∗ : K(P2) ∼→ Γ0.(68)
Here N1(Y ) ⊂ H2(Y,Z) is the subgroup generated by algebraic one cycles
on Y .
Let us take an element
Z = {Zj}2j=0 ∈
2∏
j=0
HomZ(Γj/Γj−1,C).(69)
For v ∈ Γ, we take unique j such that v ∈ Γj \ Γj−1 and set
Z(v) := Zj(v) ∈ C.
Here v ∈ Γj/Γj−1 is the class of v in Γj/Γj−1. For E ∈ DX/Y , we write
Z(cl(E)) just as Z(E) for simplicity.
Definition 4.12. ([Tod10a]) A weak stability condition on DX/Y with re-
spect to the filtration Γ• is data of (Z,A), where Z is an element (69),
A ⊂ DX/Y is the heart of a bounded t-structure satisfying
Z(A \ {0}) ⊂ H := {r exp(πφ√−1) : r > 0, 0 < φ ≤ 1}.(70)
The data (Z,A) should also satisfy other technical conditions, called Harder-
Narasimhan property and support property (cf. [Tod10a, Section 2]).
An object E ∈ A is called Z-(semi)stable if for any subobject 0 6= F ( E
in A, we have the inequality
argZ(F ) < (≤) argZ(E/F )
in (0, π]. Similarly to the space of Bridgeland stability conditions [Bri07], the
set of weak stability conditions StabΓ•(DX/Y ) has a structure of a complex
manifold such that the forgetting map
StabΓ•(DX/Y )→
2∏
j=0
HomZ(Γj/Γj−1,C)
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sending (Z,A) to Z is a local homeomorphism.
We fix ψ ∈ (π/2, π) and an ample divisor ω on Y . For t ∈ R, we construct
Zt = {Zj,t}2j=0 ∈
2∏
j=0
HomZ(Γj/Γj−1,C)
via the isomorphisms (68) in the following way:
Z2,t : Z→ C, R 7→ R · exp(ψ
√−1)
Z1,t : N1(Y )→ C, β 7→ −(β · ω)
√−1
Z0,t : K(P
2)→ C, F 7→
∫
P2
eh/2−t
√−1 ch(F ).(71)
Here h = c1(OP2(1)). For (r, c,m) ∈ Q3, we set
(r̂, ĉ, m̂) :=
(
r, c+
r
2
,m+
c
2
+
r
8
)
.
If we write ch(F ) = (r, c,m) for F ∈ K(P2) via (22), then we have eh/2 ch(F ) =
(r̂, ĉ, m̂), and Z0,t(F ) is written as
Z0,t(F ) = m̂− t
2
2
r̂ − tĉ√−1.
Lemma 4.13. The data
σt := (Zt,AX/Y ), t > 0
determine a one parameter family of weak stability conditions on DX/Y with
respect to Γ•.
Proof. We check that (70) holds. For non-zero E ∈ AX/Y , suppose that
rank(E) 6= 0. Then rank(E) > 0, [E] ∈ Γ2 \ Γ1 and
Zt(E) = rank(E) · exp(ψ
√−1) ∈ H.
If rank(E) = 0, then we have E ∈ B≤1[−1]. If furthermore E /∈ B0[−1], then
[E] ∈ Γ1 \ Γ0 and −f∗ ch2(E) is a numerical class of an effective one cycle
on Y . Therefore
Zt(E) = −f∗ ch2(E) · ω
√−1 ∈ H.
Finally if 0 6= E ∈ B0[−1], then we have Zt(E) = Z0,t(E). The construction
of Bridgeland stability conditions on local P2 in [BM11, Section 4] shows that
(Z0,t,B0[−1]) determines a Bridgeland stability condition onDbCoh0(X/Y ).
Hence we have Z0,t(E) ∈ H. Other properties (Harder-Narasimhan property,
support property) are checked in a straightforward way. For example, the
same argument of [Tod12, Lemma 3.4] works. 
We now investigate the limiting point limt→+0 σt of the above weak sta-
bility conditions. The following lemma shows that the one parameter family
in Lemma 4.13 connects the ‘large volume limit point’ with the ‘orbifold
point’, a similar picture obtained by Bayer-Macri [BM11] for the space of
Bridgeland stability conditions on local P2 (cf. Figure 1 in Subsection 1.4).
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Lemma 4.14. We have
σ0 := (Z0,Φ(AY)) ∈ StabΓ•(DX/Y )
and it coincides with limt→+0 σt.
Proof. Let Tj for 0 ≤ j ≤ 2 be the objects given by (12). A direct calculation
shows that
Z0,t(T0[−1]) = −1
8
+
t2
2
+
t
2
√−1(72)
Z0,t(T1[−1]) = −3
4
− t2
Z0,t(T2[−1]) = −1
8
+
t2
2
− t
2
√−1.
In particular argZ0,0(Tj [−1]) = π. By Lemma 2.4, this implies that the pair
(Z0,0,Φ(Coh0(Y))[−1]) is a Bridgeland stability condition onDbCoh0(X/Y ).
This fact together with the same argument of Lemma 4.13 show that σ0 is
an element of StabΓ•(DX/Y ). By Lemma 4.11, Φ(AY) and AX/Y differ by
a tilting, hence limt→+0 σt = σ0 follows from [Tod10a, Lemma 7.1]. 
5. Comparison of stable pair invariants
In this section, we relate rank one σt-semistable objects for t ≫ 1 with
stable pairs on X, and those for 0 < t ≪ 1 with orbifold stable pairs on
Y. We then apply Joyce-Song wall-crossing formula to derive a relationship
between stable pair invariants on X and those on Y.
5.1. Moduli stacks of semistable objects. Let M be the moduli stack
of objects E ∈ DbCoh(X) satisfying the condition
Ext<0(E,E) = 0.
By the result of Liebich [Lie06], the stack M is an Artin stack locally of
finite type over C. For R ∈ Z≥0, let
Obj≤R(AX/Y ) ⊂M
be the substack of objects E ∈ AX/Y with rank(E) ≤ R.
Lemma 5.1. The stack Obj≤1(AX/Y ) is an open substack of M. In par-
ticular, it is an Artin stack locally of finite type over C.
Proof. The proof is similar to [Tod10a, Lemma 3.15], so we just give a
brief explanation. Let A be the abelian category defined by (58). By the
argument of [AB13, Appendix A], the torsion pair on Coh(X) which defines
A forms a stack of torsion theories, which implies that the stack Obj(A) of
objects in A is an open substack ofM. Therefore it is enough to show that
the embedding
Obj≤1(AX/Y ) ⊂ Obj(A)
is an open immersion. For E ∈ AX/Y with rank(E) ≤ 1, we have the exact
sequence in A
H0(E)→ E → H1(E)[−1]
satisfying the following two conditions:
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• The sheaf H0(E) is torsion free on X \D.
• The determinant line bundle det(E) is of the form OX(rD) for some
r ∈ Z.
Conversely if an object E ∈ A with rank(E) ≤ 1 satisfies the above two
conditions, then we have E ∈ AX/Y . The openness of the former condition
follows from the same spectral sequence argument of [Tod10a, Lemma 3.15,
Step1], and the latter condition is obviously open. 
For t ∈ R>0, R ∈ {0, 1} and α ∈ N≤1(X/Y ), let
Mt(R,α) ⊂ Obj≤1(AX/Y )(73)
be the substack of Zt-semistable objects E ∈ AX/Y satisfying cl(E) =
(R,α), where cl is the map (66).
Proposition 5.2. Suppose that
(R,α) ∈ (0, N0(X/Y )) or (1, N≤1(X/Y )).
(i) The stack Mt(R,α) is an Artin stack of finite type over C, such that
(73) is an open immersion.
(ii) There is a finite number of real numbers
0 = t0 < t1 < · · · < tk−1 < tk =∞
such that for t ∈ (ti−1, ti), the stack Mt(R,α) is constant and consists of
Zt-stable objects.
Proof. The proof follows from the same arguments in the author’s previous
papers [Tod12], [Tod09]. We don’t repeat their details here, and just give a
brief explanation in the R = 1 case. In both of (i) and (ii), we use Lemma 4.8
instead of [Tod12, Lemma 2.10].
(i) Following the proof of [Tod12, Lemma 4.13 (ii)], we can show that the
set of objects inMt(1, α) is bounded. Indeed for any object [E] ∈ Mt(1, α),
one can take a filtration
E1 ⊂ E2 ⊂ E3 = E
as in Lemma 4.7. The object E2/E1 ∈ C also admits a filtration
F1 ⊂ F2 ⊂ F3 = E2/E1
such that F1 and F3/F2 are objects in Coh≤1(X)[−1], and F2/F1 = OX(rD).
Using Lemma 4.8, the Bogomolov inequality on P2 and the Zt-semistability
of E, we can bound the numbers of Harder-Narasimhan factors and nu-
merical classes of E1, E3/E2, F1, F3/F2. This implies the boundedness of
objects in Mt(1, α). The openness of (73) follows from the boundedness of
semistable objects by the same proof of [Tod09, Theorem 3.20].
(ii) We apply the same proof of [Tod12, Proposition 9.7]. Let A ∈ B≤1[−1]
be an object satisfying the following conditions:
• There are t > 0, [E] ∈ Mt(1, α) and an injection A →֒ E or a
surjection E ։ A in AX/Y .
• We have Zt(A) ∈ R>0 exp(
√−1ψ).
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Note that the second condition implies that A ∈ B0[−1]. By taking the
filtration of A as in Lemma 4.7 and using the Bogomolov inequality on P2,
one can show that the possible numerical classes for such A is a finite set. In
particular, the possible t ∈ R is also a finite set, giving the desired result. 
The result of Proposition 5.2 (ii) in particular shows that, for t ∈ R>0 \
{t1, · · · , tk−1}, we have the C∗-gerby structure
Mt(1, α)→Mt(1, α)(74)
for an algebraic space Mt(R,α) of finite type.
5.2. DT type invariants. We define the DT type invariants counting Zt-
semistable objects E ∈ AX/Y with rank(E) ≤ 1. We first define the rank
one invariants. Let us take
α ∈ N≤1(X/Y ), t ∈ R>0 \ {t1, · · · , tk−1}
where ti is given in Proposition 5.2 for Mt(1, α). We define
DTt(1, α) :=
∫
Mt(1,α)
ν dχ.
Here Mt(1, α) is the coarse moduli space ofMt(1, α) given in (74), and ν is
the Behrend function on Mt(1, α).
In the rank zero case, there may be strictly σt-semistable objects even for
a general t. So we need to use the Hall algebra as in Subsection 3.2 to define
the invariants. Let H0(AX) be the stack theoretic Hall algebra of rank zero
objects in AX . As a Q-vector space, it is spanned by isomorphism classes
of symbols
[ρ : X → Obj0(AX)]
where X is an Artin stack of finite type with affine geometric stabilizers and
ρ is a 1-morphism. The relation is generated by (36) after replacing Coh(X)
by Obj0(AX). We also have the associative ∗-product on H0(AX), similarly
to the ∗-product on H(X).
For α ∈ N0(X/Y ), the stack Mt(0, α) determines the element
δt(0, α) := [Mt(0, α) ⊂ Obj0(AX)] ∈ H0(AX).
We define the element ǫt(0, α) ∈ H0(AX) to be
ǫt(0, α) :=
∑
k≥1,α1,··· ,αk∈N0(X/Y )
argZ0,t(αi)=argZ0,t(α)
(−1)k−1
k
δt(0, α1) ∗ · · · ∗ δt(0, αk).
Similarly to (38), we have the integration map Π from the Lie algebra of
elements supported on virtual indecomposable objects in H0(AX) to the Lie
algebra
C0(AX) =
⊕
α∈N0(X/Y )
Q · cα
with bracket given by (37). The element ǫt(0, α) is supported on virtual
indecomposable objects, and the invariant DTt(0, α) ∈ Q is defined by
Π(ǫt(0, α)) = −DTt(0, α) · cα.
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It counts Zt-semistable objects E ∈ AX with cl(E) = (0, α).
5.3. The invariants DTt(R,α) for t ≫ 1 and 0 < t ≪ 1. Let us take
α ∈ N≤1(X/Y ) and its Chern character ch(α) ∈ Q[D]⊕H≥4(X). Note that
we can write (1, ch(α)) ∈ H∗(X,Q) as
(1, ch α) = erD(1, 0,−β,−n)
for some r ∈ Z, β ∈ H4(X) and n ∈ H6(X). By identifying H4(X) with
H2(X) and H
6(X) with Q, we have the following proposition:
Proposition 5.3. For t≫ 0, we have Mt(1, α) ∼= Pn(X,β). In particular,
we have DTt(1, α) = Pn,β(X) for t≫ 0.
Proof. We first construct a morphism
Mt(1, α)→ Pn(X,β)(75)
for t≫ 0. Let us take an object [E] ∈Mt(1, α) and a filtration in AX/Y
E1 ⊂ E2 ⊂ E3 = E
as in Lemma 4.7. If E1 6= 0, it contradicts to the Zt-stability of E for t≫ 0
as
lim
t→∞ argZt(E1) = π > ψ = argZt(E).
Therefore E1 = 0, and the same argument also shows E3/E2 = 0. It follows
that E ∈ C. We take the distinguished triangle
H0(E)→ E → H1(E)[−1]
which is an exact sequence in C. Note thatH0(E) is of the formOX(rD)⊗IC
for a subscheme C ⊂ X with dimC ≤ 1 and H1(E) ∈ Coh≤1(X). By the
Zt-stability of E for t≫ 0, the sheaf H1(E) must be zero dimensional, and
the following holds
Hom(Coh0(X)[−1], E) = 0.
Therefore applying [Tod10a, Lemma 3.11 (iii)], we see that E is isomorphic
to an object of the form
OX(rD)⊗ (OX → F )(76)
for some stable pair (OX → F ) ∈ Pn(X,β). The morphism (75) is defined
by sending E to (OX → F ).
Conversely, we construct a morphism
Pn(X,β)→Mt(1, α)(77)
for t ≫ 0. For a stable pair (OX → F ) ∈ Pn(X,β), the complex (76) is an
object in AX/Y by Lemma 4.6. We show that the object (76) is Zt-stable
for t≫ 0. Let us take an exact sequence in AX/Y
0→ A→ OX(rD)⊗ (OX → F )→ B → 0
with A,B 6= 0. Then A or B is an object in B≤1[−1]. Suppose that A ∈
B≤1[−1]. We show that argZt(A) < ψ holds for t ≫ 0. If A /∈ B0[−1],
then argZt(A) = π/2, and the claim is obvious. We may assume that
A ∈ B0[−1]. If H0(A) 6= 0, then it is a pure two dimensional sheaf, which
implies Hom(H0(A), C) = 0 by the definition of C. This is a contradiction
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as H0(A) is a subobject of (76) in AX/Y . Hence H0(A) = 0 and A ∈ T0[−1]
holds. Then we have
lim
t→∞ argZt(A) = 0 < ψ.
A similar argument shows that argZt(B) > ψ for t≫ 0 if B ∈ B≤1[−1], and
we conclude that the object (76) is Zt-stable for t≫ 0. The morphism (76)
is defined by sending (OX → F ) to the object (76). The morphisms (75),
(77) are inverse each other, hence they are isomorphisms. 
Proposition 5.4. For 0 < t ≪ 1, we have Mt(1, α) ∼= P (Y,−Φ−1∗ (α)). In
particular, we have DTt(1, α) = P−Φ−1∗ (α)(Y).
Proof. We first note that an object E ∈ AX/Y with rank(E) = 1 is Zt-stable
for 0 < t≪ 1 if and only if E ∈ Φ(AY) and it is Z0-stable. This statement is
an immediate consequence of Lemma 4.14, together with the fact that any
rank one Z0-semistable object in Φ(AY) is Z0-stable. The latter fact holds
since there is no rank zero object F ∈ Φ(AY) with argZ0(F ) = ψ. Therefore
it is enough to show that a rank one object E ∈ Φ(AY) is Z0-stable if and
only if it is isomorphic to an object of the form
Φ(OY → F )(78)
for an orbifold stable pair (OY → F ) on Y.
Let us take a Z0-stable object E = Φ(G) ∈ Φ(AY) with rank(E) = 1. By
the definition of AY , there is a filtration in AY
G1 ⊂ G2 ⊂ G3 = G(79)
satisfying the following:
G1 ∈ Coh≤1(Y)[−1], G2/G1 = OY , G3/G2 ∈ Coh≤1(Y)[−1].
By the Z0-stability of E, we have G3/G2 ∈ Coh0(Y)[−1], hence the sequence
0→ OY → G3/G1 → G3/G2 → 0
splits. This implies that we can replace the filtration (79) so that G3/G2 = 0
holds. Hence G is isomorphic to a two term complex of the form (OY s→ F )
with F ∈ Coh≤1(Y). By the Z0-stability of E, we have
Hom(Coh0(Y)[−1], E) = 0
hence F must be a pure one dimensional sheaf on Y. The Z0-stability of
E also implies that the cokernel of s is zero dimensional. It follows that
(OY s→ F ) is an orbifold stable pair, and E is isomorphic to an object of
the form (78).
Conversely, let us take an object (78). We take an exact sequence in
Φ(AY)
0→ A→ Φ(OY → F )→ B → 0
with A,B 6= 0. Note that either A or B is an object of Φ(Coh≤1(Y))[−1].
Suppose that A is an object of Φ(Coh≤1(Y))[−1]. Since (OY → F ) is
an orbifold stable pair, there is no non-zero morphism from an object in
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Φ(Coh0(Y))[−1] to the object (78). Therefore A /∈ Φ(Coh0(Y))[−1], which
implies that
argZ0(A) =
π
2
< ψ.
Suppose that B is an object of Φ(Coh≤1(Y))[−1]. Then we have B ∈
Φ(Coh0(Y))[−1] as (OY → F ) is an orbifold stable pair. Hence argZ0(B) >
ψ, and the object (78) is Z0-stable. 
Finally in this subsection, we investigate the rank zero DT type invariants:
Proposition 5.5. Suppose that α ∈ N0(X/Y ) is written as α = −i∗α0 for
α0 ∈ K(P2) with ch(α0) = (r, c,m). If ĉ = c+ r/2 > 0, we have the equality
for t≫ 0
DTt(0, α) = DT(r, c,m).(80)
Proof. First suppose that r > 0 or r = 0, c > 0. Then a well-known ar-
gument shows that an object E ∈ B0[−1] with numerical class α is Z0,t-
semistable for t ≫ 0 if and only if E[1] is a Gieseker semistable sheaf. For
example, the proof of this fact for K3 surfaces in [Tod08, Proposition 6.4,
Lemma 6.5] works without any major modification. Also similarly to [Tod08,
Proposition 6.4, Lemma 6.5], this fact also holds for every Z0,t-stable factors
of E. By the definition of B0, the sheaf E[1] is supported on D. Since the
formal neighborhood of D ⊂ X is isomorphic to the formal neighborhood of
the zero section of ωP2 → P2, we obtain the identity (80).
Next suppose that r < 0. Then an object E ∈ B0[−1] with numerical class
α is Z0,t-semistable for t≫ 0 if and only if D(E)[1] is a Gieseker semistable
sheaf on P2, where D(−) = RHom(−,OX) is the dualizing functor. This
fact also follows from a well-known argument: the object D(E) is numerical
class −i∗α1 for ch(α1) = −e−3h(r,−c,m), and the argument of [Tod12,
Proposition 9.5] shows that D(E) is also Bridgeland semistable near the
large volume limit in a tilted haert. Hence the above argument for r > 0
case shows that D(E)[1] is Gieseker semistable. It is easy to see that the
same fact also holds for every Z0,t-stable factors of E. Therefore we have
the identity
DTt(0, α) = DT(e
−3h(r,−c,m))
for t≫ 0. Then the desired identity follows from (40) and (41). 
5.4. Combinatorial coefficients. In this subsection, we recall Joyce’s com-
binatorial coefficients which appear in our wall-crossing formula, and give
their explicit description. For d ∈ {0, 1}, we define the following positive
cone:
N+≤d(X/Y ) := Im (B≤d → N≤d(X/Y )) \ {0}.
We also define
K+(P2) :=
{
E ∈ K(P2) : i∗E ∈ N+0 (X/Y )
}
Γ+ := Z≥0 ⊕ {−N+≤1(X/Y ) ∪ {0}} \ {(0, 0)}.
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The cone Γ+ coincides with the image of non-zero objects in AX/Y under the
map (66). Hence for v ∈ Γ+, the argument argZt(v) ∈ (0, π] is well-defined.
For v, v′ ∈ Γ+, we write
Z∞(v) ≻ Z∞(v′) (resp. Z+0(v) ≻ Z+0(v′))
if argZt(v) > argZt(v
′) holds for t≫ 0 (resp. 0 < t≪ 1).
Definition 5.6. ([Joy08, Definition 4.2]) For v1, · · · , vk ∈ Γ+, suppose that
either (81) or (82) holds for each i = 1, · · · , k − 1
Z∞(vi)  Z∞(vi+1) and Z+0(v1 + · · · + vi) ≻ Z+0(vi+1 + · · ·+ vk)(81)
Z∞(vi) ≻ Z∞(vi+1) and Z+0(v1 + · · · + vi)  Z+0(vi+1 + · · ·+ vk).(82)
Then define
S({v1, · · · , vk}, Z∞, Z+0) := (−1)a(83)
where a is the number of i = 1, · · · , k − 1 satisfying (81). If neither (81)
nor (82) holds for some i, we define S({v1, · · · , vk}, Z∞, Z+0) = 0.
Let ι(x) be the function on R defined by
ι(x) :=
{
1 x > 0
−1 x ≤ 0.(84)
We can also write (83) in the following way:
1
2k−1
lim
ε→+0
k−1∏
i=1
{
ι
(
argZ1/ε(vi)− argZ1/ε(vi+1)
)
−ι (argZε(v1 + · · ·+ vi)− argZε(vi+1 + · · ·+ vk))} .(85)
Definition 5.7. ([Joy08, Definition 4.4]) For v1, · · · , vk ∈ Γ+, we define
U({v1, · · · , vk}, Z∞, Z+0) :=
∑
1≤k′′≤k′≤k
∑
ψ : {1,··· ,k}→{1,··· ,k′}
ψ′ : {1,··· ,k′}→{1,··· ,k′′}
k′′∏
a=1
S({v†i }i∈ψ′−1(a), Z∞, Z+0)
(−1)k′′−1
k′′
k′∏
b=1
1
|ψ−1(b)|! .(86)
Here ψ, ψ′, v†i are as follows:
• ψ and ψ′ are non-decreasing surjective maps.
• For 1 ≤ i, j ≤ k with ψ(i) = ψ(j), we have Z∞(vi) = Z∞(vj).
• For 1 ≤ i, j ≤ k′′, we have
Z+0
 ∑
a∈ψ−1ψ′−1(i)
va
 = Z+0
 ∑
a∈ψ−1ψ′−1(j)
va
 .(87)
• The elements v†i ∈ Γ+ for 1 ≤ i ≤ k′ are defined to be
v†i =
∑
j∈ψ−1(i)
vj.(88)
We also define the following more explicit function:
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Definition 5.8. Suppose that 1 ≤ e ≤ k and (rj , cj ,mj) ∈ Q3 for 1 ≤ j ≤ k,
j 6= e are given. If ĉj = cj + rj/2 > 0 holds for all j 6= e, we define
U({(rj , cj ,mj)}j 6=e) :=(89)
lim
ε→+0
∑
non-decreasing ψ : {1,··· ,k}։{1,··· ,k′}
e′:=ψ(e),ψ−1(e′)={e},ψ(i)=ψ(j) implies vi∼vj
1
2k′−1
k′∏
i=1
1
|ψ−1(i)|!
∏
i<e′−1
ι
(
r†i+1
c†i+1
− r
†
i
c†i
+ ε
(
m†i
c†i
− m
†
i+1
c†i+1
))
− ι
 i∑
j=1
m†j
ι(−r†e′−1)− ι
e′−1∑
j=1
m†j
 ·
−ι(−r†e′+1) + ι
 k′∑
j=e′+1
m†j

∏
i>e′
ι
(
r†i+1
c†i+1
− r
†
i
c†i
+ ε
(
m†i
c†i
− m
†
i+1
c†i+1
))
+ ι
 k′∑
j=i+1
m†j
 .
Here ι is the function (84), vi ∼ vj means vi = avj for some a ∈ Q>0, and
(r†i , c
†
i ,m
†
i ) :=
∑
j∈ψ−1(i)
(
rj , cj +
rj
2
,mj +
cj
2
+
rj
8
)
, 1 ≤ i ≤ k′.
In the following lemma, we relate (86) with the function (89):
Lemma 5.9. For v1, · · · , vk ∈ Γ+, suppose that there is 1 ≤ e ≤ k such that
rank(ve) > 0 and rank(vj) = 0 for j 6= e.
(i) If (86) is non-zero, then vj is written as (0,−i∗αj) for αj ∈ K+(P2)
satisfying ch(αj) = (rj , cj ,mj) with ĉj = cj + rj/2 > 0.
(ii) In the notation of (i), we have the identity
U({v1, · · · , vk}, Z∞, Z+0) = U({(rj , cj ,mj)}j 6=e).(90)
Proof. Note that limt→+0 argZt(v) is either 0 or π/2 or π for any v ∈ Γ+
with rank(v) = 0, while argZt(v) = ψ for any t > 0 if rank(v) > 0. This
implies that the equality (87) never happens for i 6= j, hence we have k′′ = 1.
By the same reason, Z∞(vj) = Z∞(ve) never happens for j 6= e, hence the
map ψ in (86) should satisfy ψ−1ψ(e) = {e}. Also for rank zero v, v′ ∈ Γ+,
it is easy to see that Z∞(v) = Z∞(v′) is equivalent to that v′ = av for some
a ∈ Q>0.
(i) By the above observations, it is enough to show the claim (i) assuming
S({vi}ki=1, Z∞, Z+0) is non-zero. For j 6= e, we have vj ∈ N≤1(X/Y ) as
rank(vj) = 0. Suppose that vj /∈ N0(X/Y ) for some j 6= e. If j < e, then
for each j ≤ j′ < e, we have
π
2
= argZt(v1 + · · ·+ vj′) < argZt(vj′+1 + · · ·+ vk) = ψ
for any t > 0. Hence Z∞(vj′) ≻ Z∞(vj′+1) should hold. This implies that
π
2
= argZt(vj) > argZt(ve) = ψ
for t ≫ 0, which is a contradiction. A similar argument also leads to a
contradiction if j > e. Hence we have vj ∈ N0(X/Y ) for any j 6= e, and
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can write vj = (0,−i∗αj) for some αj ∈ K+(P2). If we write ch(αj) =
(rj , cj ,mj), then ĉj ≥ 0 by the definition of K+(P2). If ĉj = 0 for some
j 6= e, then argZ0,t(vj) = π for any t > 0, and an argument similar to above
leads to a contradiction. Therefore ĉj > 0 for any j 6= e.
(ii) Noting the observations before the proof of (i), the identity (90) is
obtained by a direct computation of S({v†i }k
′
i=1, Z∞, Z+0) through the de-
scription (85). For instance if i < e′, one computes
lim
ε→+0
ι
(
argZε(v
†
1 + · · · + v†i )− argZε(v†i+1 + · · ·+ v†k)
)
= lim
ε→+0
ι
arg
 i∑
j=1
−m†j + ε2
r†j
2
+ εc†j
√−1
− ψ

= ι
 i∑
j=1
m†j
 .
The other values which appear in (85) can be computed in a similar way. 
We finally define the following function, which appears as a wall-crossing
coefficient in the next subsection.
Definition 5.10. In the same situation of Definition 5.8, suppose that we
are also given r ∈ Z and β ∈ H2(X). We define
f({(rj, cj ,mj)}j 6=e, r, β) :=
∑
G∈G(k)
1
2k−1
U({(rj , cj ,mj)}j 6=e)
∏
a→e or
e→a in G
ι(e− a)
(
ra +ma + 3rca − raDβ + 3
2
ca +
9
2
rra +
9
2
r2ra
)
∏
a→b in G
a,b6=e
3(racb − rbca).
Here G(k) is the set of graphs defined by (48).
5.5. Wall-crossing formula. Combined with the results so far, we prove
our main result.
Theorem 5.11. Suppose that Conjecture 1.3 holds. Then for any γ ∈
N≤1(Y), we have the following formula
Pγ(Y) =
∑
(n,β)∈Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c
2
j≥2rjmj , satisfying (92)
(−1)k−1+
∑
a 6=e ra+ma+rca−raDβ+ 32 ca+ rra2 + r
2ra
2
+
∑
a<b,a,b6=e racb−rbca
f({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj , cj ,mj)
Pn,β(X).(91)
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Here f({(rj , cj ,mj)}j 6=e, r, β) is given in Definition 5.10, and the condition
(92) is
(1,− ch(Φ∗γ)) = erD(1, 0,−β,−n)
−
∑
j 6=e
(
0, rj [D],
(
3
2
rj + cj
)
[l],
3
2
rj +
3
2
cj +mj
)
.(92)
Proof. Under Conjecture 1.3, we can apply the same wall-crossing formula
in [JS12, Theorem 5.18] to the one parameter family of weak stability con-
ditions σt for t ∈ R>0. For any γ ∈ N≤1(Y), we obtain
lim
t→+0
DTt(1,−Φ∗γ) = lim
t→∞
∑
k≥1,v1,··· ,vk∈Γ+
v1+···+vk=(1,−Φ∗γ)
∑
G∈G(k)
(−1)k−1+
∑
a<b χ(va,vb)
2k−1
U({v1, · · · , vk}, Z∞, Z+0)
∏
a→b
in G
χ(va, vb)
k∏
j=1
DTt(vj).(93)
By Lemma 4.8, there is unique 1 ≤ e ≤ k such that rank(ve) = 1 and
rank(vj) = 0 for j 6= e. Therefore by Lemma 5.9, vj is written as (0,−i∗αj)
for αj ∈ K+(P2) with ch(αj) = (rj , cj ,mj), cj + rj/2 > 0. For a, b 6= e, we
have
χ(va, vb) = 3(racb − rbca)
by (21) and (23). Also if we write ch(ve) as e
rD(1, 0,−β,−n), then we have
χ(va, ve) = ra +ma + 3rca − raDβ + 3
2
ca +
9
2
rra +
9
2
r2ra.
The equality v1+ · · ·+ vk = (1,−Φ∗γ) is equivalent to the equality of Chern
characters
ch(v1) + · · ·+ ch(vk) = (1,− ch(Φ∗γ))
which coincides with the condition (92) by (23). Applying the above com-
putations to (93), noting Remark 3.9 and using Propositions 5.3, 5.4, 5.5
and Lemma 5.9, we obtain the desired formula. 
Remark 5.12. By the finiteness of walls in Proposition 5.2, the sum in
(91) must be a finite sum. It is also straightforward to check that, for a
fixed γ ∈ N≤1(Y), there is only a finite number of (n, β), r ∈ Z, k ≥ 1 and
{(rj , cj , 2mj)}j 6=e ⊂ Z3 satisfying (92) and the following:
cj + rj/2 > 0, c
2
j ≥ 2rjmj , U({(rj , cj ,mj)}j 6=e) 6= 0.
Remark 5.13. If r 6= 0, the invariant DT(r, c,m) is computed by the recur-
sion formula (47). Also the invariant DT(0, c,m) for c 6= 0 is described by
polynomials of stable pair invariants on X by Lemma 3.15. Hence the for-
mula (91) describes PTγ(Y) in terms of polynomials of stable pair invariants
on X, in principle.
If we restrict the curve class of the form c[l] for c > 0 and a line l ⊂
D, we obtain the following relationship between stable pair invariants and
generalized DT invariants on local P2:
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Corollary 5.14. Suppose that Conjecture 1.3 holds. Then for any positive
integer c and n ∈ Z, we have the following formula
Pn,c[l](X) =
∑
(n′,c′)∈Z2
0≤c′<c

∑
k≥1
1≤e≤k
∑
(rj ,cj ,2mj)∈Z3, 1≤j≤k, j 6=e, r:=
∑
j 6=e rj
2cj+rj>0, c2j≥2rjmj , satisfying (95)
(−1)k+n−n′+rc′+rc+ 32 r3− 12 r+
∑
a<b,a,b6=e racb−rbca
f({(rj , cj ,mj)}j 6=e, r, c′[l]) ·
∏
j 6=e
DT(rj , cj ,mj)
Pn′,c′[l](X).(94)
Here the condition (95) is
c = c′ +
3
2
r2 + r +
∑
j 6=e
(
1
2
rj + cj
)
(95)
n = n′ − 3
2
r3 +
(
3
2
− 3c′
)
r +
∑
j 6=e
(
3
2
cj +mj
)
.
Proof. We apply Theorem 5.11 for γ ∈ N0(Y) such that Φ∗γ ∈ N0(X/Y )
corresponds to (c[l], n) under the map (33). Then Pγ(Y) = 0 by the defi-
nition of orbifold stable pairs. In the RHS of (91), there is a unique term
of r = 0 and k = 1 which gives Pn,c[l](X). The condition (92) determines
r by r =
∑
j 6=e rj , and the condition (92) for β = c
′[l] is equivalent to the
condition (95), which implies c′ < c. 
Remark 5.15. The formula (94) is a recursion formula of stable pair in-
variants on local P2 in terms of generalized DT invariants on it. By solving
the recursion, one can in principle describe the stable pair invariants on local
P2 in terms of generalized DT invariants on it with possibly non-zero rank.
Example 5.16. Let us consider the c′ = c − 1 term of (94). Using Bogo-
molov inequality in Remark 3.9, we see that there are three kinds of contri-
butions:
(i) k = 2 and {(rj , cj ,mj)}j 6=e = {(0, 1, n− n′− 2/3)} with n′ < n− 1.
(ii) k = 2 and {(rj , cj ,mj)}j 6=e = {(−1, 1, 1/2)}.
(iii) k = 3 and {(rj , cj ,mj)}j 6=e = {(1, 0, 0), (−1, 1, 1/2)}.
The corresponding invariants DT(rj , cj ,mj) are given by
DT(0, 1, ∗) = 3, DT(1, 0, 0) = DT(−1, 1, 1/2) = 1.(96)
By computing f({(rj , cj ,mj)}j 6=e), we obtain
Pn,c[l](X) =∑
n′<n−1
(−1)n−n′−13(n− n′)Pn′,(c−1)[l](X) + (−1)c−13cPn−3c+2,(c−1)[l](X)
+ (−9c2 + 6c+ 3)Pn−1,(c−1)[l](X) +
(
terms of Pn′,c′[l](X) with c
′ ≤ c− 2) .
In particular, one obtains Pn,[l](X) = 3(−1)n−1n from the above formula.
This is compatible with the fact that Pn(X, [l]) is the P
n−1-bundle over P2.
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Example 5.17. In the c′ = c− 2 term of (94), the possible contributions of
{(rj , cj ,mj)}j 6=e are as follows:
(i) k = 2 and {(0, 2,m),m ∈ Z≥0}, {(−1, 2,−2)}, {(−1, 2,−1)}.
(ii) k = 3 and
{(0, 1,m − 1/2), (0, 1,m′ − 1/2),m,m′ ∈ Z>0},
{(0, 1,m − 1/2), (−1, 1,−1/2),m ∈ Z>0},
{(−2, 2, 1), (1, 0, 0)}, {(−2, 2, 1), (2, 0, 0)}, {(−1, 1,−1/2), (1, 1,−1/2)},
{(−1, 2,−2), (1, 0, 0)}, {(−1, 2,−1), (1, 0, 0)}, {(1, 1, 1/2), (−1, 1,−1/2)}.
(iii) k = 4 and
{(0, 1,m − 1/2), (−1, 1,−1/2), (1, 0, 0),m ∈ Z≥0},
{(1, 0, 0), (−1, 1,−1/2), (−1, 1,−1/2)}.
(iv) k = 5 and {(1, 0, 0), (1, 0, 0), (−1, 1,−1/2), (−1, 1,−1/2)}.
Using (40), the invariants DT(rj , cj ,mj) are computed by (96), together with
DT(2, 0, 0) = 1/4, DT(1, 0,−1) = 3, DT(0, 2, 0) = −6, DT(0, 2, 1) = −21/4.
The latter two invariants are computed using Lemma 3.15.
5.6. Constraints of stable pair invariants. In this subsection, we derive
a non-trivial relationship among stable pair invariants induced by Seidel-
Thomas twist along OD. We assume that there is L ∈ Pic(X) such that
i∗L ∼= OP2(1). Similarly to DX/Y and DY , we define triangulated categories
DLX/Y ,DL
†
Y to be
DLX/Y := 〈L,Db Coh≤1(X/Y )〉tr ⊂ Db Coh(X)
DL†Y := 〈L†,Db Coh≤1(Y)〉tr ⊂ DbCoh(Y).
Here L† is the line bundle on Y given by (25). Note that the equivalence Φ
restricts to the equivalence between DL†Y and DLX/Y . We also define
ALX/Y := 〈L,B≤1[−1]〉ex ⊂ DLX/Y
AL†Y := 〈L†,Coh≤1(Y)[−1]〉ex ⊂ DL
†
Y .
Lemma 5.18. There are bounded t-structures on DLX/Y , DL
†
Y , whose hearts
are ALX/Y , AL
†
Y respectively.
Proof. As for ALX/Y , we follow the same proof of Lemma 4.4. Applying
Proposition 4.5 for D = DbCoh(X), L = L, D′ = DbCoh≤1(X/Y ) and
A′ = B≤1[−1], it is enough to check the vanishings
Hom(L, i∗F ) = 0, Hom(i∗T [−1],L) = 0
for µ-semistable F ∈ Coh(P2) with µ(F ) ≤ −1/2 and µ-semistable T ∈
Coh(P2) with µ(T ) > −1/2. Using i∗L ∼= OP2(1), the above vanishings hold
by the same computation of Lemma 4.4. As for AL†Y , the statement obvious
follows from Lemma 4.9 since AL†Y = AY ⊗L†. 
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We define the group homomorphism
clL : K(DLX/Y )→ Γ
via the isomorphism (65) in the following way:
clL(F ) := (rank(F ), [F ] − rank(F )[L]).
Let Γ• be the filtration defined by (67), and Zt the collection of group
homomorphisms defined by (71). Similarly to Lemma 4.13 and Lemma 4.14
one can show that
σLt := (Zt,ALX/Y ), t > 0
determine a one parameter family of weak stability conditions on DLX/Y with
respect to (Γ•, clL) such that
lim
t→+0
σLt = (Z0,Φ(AL
†
Y )).
Proposition 5.19. (i) An object F ∈ ALX/Y with rank(F ) = 0 is Zt-
semistable if and only if F ∈ AX/Y and it is Zt-semistable.
(ii) For t ≫ 1, an object E ∈ ALX/Y with rank(E) = 1 is Zt-stable for
t≫ 0 if and only if E is isomorphic to an object
OX(rD)⊗ L⊗ (OX → F )(97)
for r ∈ Z and a stable pair (OX → F ) on X.
(iii) For 0 < t ≪ 1, an object E ∈ ALX/Y with rank(E) = 1 is Zt-stable
for 0 < t≪ 1 if and only if E is isomorphic to an object
Φ(L† ⊗ (OY → F ))(98)
for an orbifold stable pair (OY → F ).
Proof. (i) is obvious. As for (ii), let CL be the subcategory of DbCoh(X)
defined by
CL := 〈L(rD),Coh≤1(X)[−1] : r ∈ Z〉ex.
Then we have the same statements of Lemma 4.6 and Lemma 4.7 after
replacing AX/Y , C by ALX/Y , CL respectively. Also objects of the form (97)
are objects in CL, and the identical argument of Proposition 5.3 shows that
the objects (97) coincide with the set of rank one Zt-stable objects for t≫ 0
up to isomorphisms. The proof of (iii) is also identical to Proposition 5.4,
after replacing OY by L†. 
Similarly to f({(rj , cj ,mj)}j 6=e, r, β), we set
g({(rj , cj ,mj)}j 6=e, r, β) :=
∑
G∈G(k)
1
2k−1
U({(rj , cj ,mj)}j 6=e)
∏
a→e or
e→a in G
ι(e− a)
(
ma +
1
2
ca + 3rca − raDβ + 9
2
rra +
9
2
r2ra
)
∏
a→b in G
a,b6=e
3(racb − rbca).
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Theorem 5.20. Suppose that Conjecture 1.3 holds. Then for any u ∈
Q[D]⊕H≥4(X,Q), we have the following formula:
∑
(n,β)∈
Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c2j≥2rjmj , satisfying (100)
(99)
(−1)k+
∑
j 6=e rj+mj+rcj−rjDβ+ 32 cj+
rrj
2
+ r
2ra
2
+
∑
a<b,a,b6=e racb−rbca
f({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj , cj ,mj)
Pn,β(X)
=
∑
(n,β)∈
Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c2j≥2rjmj , satisfying (101)
(−1)k+
∑
j 6=emj+
1
2
cj+rcj+rjDβ+
rrj
2
+
r2rj
2
+
∑
a<b,a,b6=e racb−rbca
g({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj , cj ,mj)
Pn,β(X).
Here the conditions (100), (101) are
(1,−u) =erD(1, 0,−β,−n)(100)
−
∑
j 6=e
(
0, rj [D],
(
3
2
rj + cj
)
[l],
3
2
rj +
3
2
cj +mj
)
ec1(L) − (0,Θ♯u) =erD+c1(L)(1, 0,−β,−n)(101)
−
∑
j 6=e
(
0, rj [D],
(
3
2
rj + cj
)
[l],
3
2
rj +
3
2
cj +mj
)
and Θ♯ is given by (31).
Proof. Similarly to the proof of Theorem 5.11, we apply Joyce-Song wall-
crossing formula to the one parameter family of weak stability conditions
σLt for t ∈ R>0. For t≫ 0, the rank one invariants count objects of the form
(97), whose Chern characters are given by
ch (OX(rD)⊗ L⊗ (OX → F )) = erD+c1(L)(1, 0,−β,−n)
where (OX → F ) ∈ Pn(X,β). For 0 < t≪ 1, the rank one invariants count
objects of the form (98), whose Chern characters are given by
ch
(
Φ(L† ⊗ (OY → F ))
)
= ch
(
L → Φ(L† ⊗ F )
)
= ec1(L) − chΦ(L† ⊗ F )
= ec1(L) − (0,Θ♯ ch(Φ∗γ))
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where (OY → F ) ∈ P (Y, γ). Here we have used the diagrams (29) and (30).
Let us take va = −i∗αa ∈ N0(X/Y ) for αa ∈ K+(P2) with ch(αa) =
(ra, ca,ma) and ve ∈ N(X) with ch(ve) = erD+c1(L)(1, 0,−β,−n). Using
(21), we have
χ(va, ve) = ma +
1
2
ca + 3rca − raDβ + 9
2
rra +
9
2
r2ra.
Therefore for any γ ∈ N≤1(Y), the wall-crossing formula for σLt , t > 0 is
described as
Pγ(Y) =
∑
(n,β)∈Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj ,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c
2
j≥2rjmj , satisfying (101) for u=ch(Φ∗γ)
(−1)k−1+
∑
a 6=ema+
1
2
ca+rca+raDβ+
rra
2
+ r
2ra
2
+
∑
a<b,a,b6=e racb−rbca
g({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj , cj ,mj)
Pn,β(X).
Setting u = ch(Φ∗γ) and comparing with Theorem 5.11, we obtain the
desired identity. 
Remark 5.21. The relation (99) in Theorem 5.20 is not a tautological
relation. Indeed let us take u = (0, 0, β0, n0). Then the conditions (100),
(101) imply
β = β0 − 3
2
r2[l]− r[l]−
∑
j 6=e
(rj
2
+ cj
)
[l](102)
β = β0 +
1
2
β0D[l]− 3
2
r2[l]−
∑
j 6=e
(rj
2
+ cj
)
[l](103)
respectively. Therefore if β0D < 0, the relation (99) is of the following form
Pn0,β0(X) +
∑
n′,0<c′
(· · · )Pn′,β0−c′[l](X) =
∑
n′′,0<c′′
(· · · )Pn′′,β0−c′′[l](X)(104)
which is not tautological.
Example 5.22. Let β be a curve class on X such that β ·D = 1 and β− [l]
is not an effective curve class13. If we set β0 = β + [l], then the equation
(103) does not have a solution, and the only solution of (102) is β = β with
{(rj , cj ,mj)}j 6=e given in Example 5.16. Then the relation (104) is computed
as
Pn,β+[l](X) =∑
n′<n−1
(−1)n−n′−13(n − n′)Pn′,β(X) + 3Pn−1,β(X) − 2Pn,β(X).
13For instance in Example 2.1, one can take D = (y1 = x1 = 0) and β = [l
′] for a line
l′ in (y1 = x2 = 0).
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5.7. Euler characteristic version. The results of Theorem 5.11, Corol-
lary 5.14 and Theorem 5.20 are still conditional to Conjecture 1.3. If we
use [Joy08, Theorem 6.28] instead of [JS12, Theorem 5.18], we obtain the Eu-
ler characteristic version of the above results, i.e. similar results after replac-
ing Pn,β(X), Pγ (Y) by the naive Euler characteristics χ(Pn(X,β)), χ(P (Y, γ)),
without relying any conjecture. The proofs are the same, and we only give
their statements.
The following is an analogue of Theorem 5.11:
Theorem 5.23. For any γ ∈ N≤1(Y), we have the following formula
χ(P (Y, γ)) =
∑
(n,β)∈
Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c
2
j≥2rjmj , satisfying (92)
(−1)k−1+
∑
j 6=e rj+cj+2rjmj
f({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj, cj ,mj)
χ(Pn(X,β)).
Remark 5.24. In Theorem 5.23, we have used the fact the Euler char-
acteristic version of DT(r, c,m) differs from it only by a multiplication of
(−1)r+c+2rm+1 (cf. [Toda, Lemma 2.8]). This fact will be also used in Corol-
lary 5.25 and Theorem 5.26 below.
The following is a corollary of Theorem 5.23, which is an analogue of
Corollary 5.14:
Corollary 5.25. For any positive integer c and n ∈ Z, we have the following
formula
χ(Pn(X, c[l])) =
∑
(n′,c′)∈Z2
0≤c′<c

∑
k≥1
1≤e≤k
∑
(rj ,cj ,2mj)∈Z3, 1≤j≤k, j 6=e, r:=
∑
j 6=e rj
2cj+rj>0, c2j≥2rjmj , satisfying (95)
(−1)k+
∑
j 6=e rj+cj+2rjmj
f({(rj , cj ,mj)}j 6=e, r, c′[l]) ·
∏
j 6=e
DT(rj , cj ,mj)
χ(Pn′(X, c′[l])).
Finally we have an analogue of Theorem 5.20:
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Theorem 5.26. For any u ∈ Q[D] ⊕ H≥4(X,Q), we have the following
formula:
∑
(n,β)∈
Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c2j≥2rjmj , satisfying (100)
(−1)k−1+
∑
j 6=e rj+cj+2rjmj
f({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj , cj ,mj)
χ(Pn(X,β))
=
∑
(n,β)∈
Z⊕H2(X,Z)

∑
k≥1
1≤e≤k
∑
(rj ,cj,2mj)∈Z3, 1≤j≤k, j 6=e, r∈Z
2cj+rj>0, c
2
j≥2rjmj , satisfying (101)
(−1)k−1+
∑
j 6=e rj+cj+2rjmj
g({(rj , cj ,mj)}j 6=e, r, β) ·
∏
j 6=e
DT(rj , cj ,mj)
χ(Pn(X,β)).
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